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Lq wklv sdshu zh fulwltxh wkh idprxv vhsdudwlrq wkhruhp +ru pxwxdo
ixqg wkhruhp,1 Zh vkrz wkdw/ li d sruwirolr frqwdlqv vwrfnv dqg erqgv/
wkhq erqgv jhqhudwh d ghshqghqfh ri rswlpdo sruwirolr frpsrvlwlrq rq
wkh lqyhvwruv* whpsrudo krul}rq1 Wklv ghshqghqfh pdnhv wkh wkhruhp lq0
dssolfdeoh li doo lqyhvwruv kdyh glhuhqw wlph krul}rqv1 Wkxv/ zh vwdwh d
qhz wkhruhp h{sodlqlqj wkh ehkdylrxu ri qdqfldo dgylvruv uhfrpphqg0
lqj kljkhu shufhqwdjh ri erqgv iru pruh ulvn dyhuvh lqyhvwruv1 Wklv qhz
wkhruhp frqvlghuv wkh vhsdudwlrq wkhruhp dv d vshfldo fdvh1 Ilqdoo|/ zh
sursrvh d vroxwlrq wr wkh vr fdoohg htxlw| suhplxp sx}}oh1
MHO fodvvlfdwlrq= J441
Nh|0zrugv= vhsdudwlrq wkhruhp/ dvvhw doorfdwlrq/ htxlw| suhplxp sx}}oh1
WZh kdyh uhfhlyhg khosixo frpphqwv iurp U1 Dqghuvrq dqg R1 Vfdloohw1 Zh judwhixoo|
dfnqrzohgjh ￿qdqfldo vxssruw iurp wkh Ehojldq Iuhqfk Frppxqlw|*v surjudp ￿Dfwlrq gh
uhfkhufkh Frqfhqwu￿h￿ <<23705681
_LUHV/ Xqlyhuvlw￿ fdwkroltxh gh Orxydlq> h0pdlo= phqrqflqCluhv1xfo1df1eh4 Lqwurgxfwlrq
Wkh Fdslwdo Dvvhw Sulflqj Prgho +FDSP, sursrvhg e| Vkdush +4<97,/ Olqwqhu
+4<98,/ dqg Prvvlq +4<99, dqg edvhg rq wkh phdq0yduldqfh dssurdfk xvhg uvw
e| Pdunrzlw} +4<85,/ kdv ehhq iru d orqj wlph wkh suhgrplqdqw qrupdwlyh dqg
srvlwlyh wkhru| iru ghwhuplqlqj dvvhw uhwxuqv dqg sulfhv lq qdqfldo pdunhwv1 Lq
sduwlfxodu/ lw kdv ehhq xvhg iru vroylqj sureohpv vxfk dv wkh doorfdwlrq ri ulvn|
dvvhwv/ sulfh suhglfwlrqv/ fuhdwlrq ri shuirupdqfh lqglfhv dqg pdunhw h!flhqf|
whvwv1
Rqh ri wkh prvw lpsruwdqw uhvxowv ri wkh FDSP lv wkh vr fdoohg vhsdudwlrq
wkhruhp frqfhuqlqj wkh sruwirolr doorfdwlrq sureohp1 Wkh wkhruhp vwdwhv wkdw/ li
rq qdqfldo pdunhw wkhuh h{lvwv d ulvnohvv lqwhuhvw udwh iru ohqglqj dqg eruurzlqj/
wkhq doo lqyhvwruv vkrxog krog wkh vdph frpsrvlwlrq lqvlgh wkh ulvn| vxevhw ri
wkhlu sruwirolr1 Wkxv/ lqyhvwruv* ghflvlrqv fdq eh glhuhqw rqo| derxw wkh kroglqj
shufhqwdjh ehwzhhq wkh ulvnohvv dvvhw dqg wkh ulvn| sruwirolr1
D orw ri hpslulfdo hruwv kdyh ehhq pdgh iru whvwlqj wkh vhsdudwlrq wkhruhp1
Xqiruwxqdwho|/ wkhuh grhv qrw h{lvw d jhqhudo frqvhqvxv derxw lwv ydolglw|1 Iru
lqvwdqfh/ zh uhihu wr wkh zrunv ri Nuroo/ Ohy|/ dqg Udsrsruw +4<;;, dqg ri Nuroo
dqg Ohy| +4<<5, zklfk duh/ uhvshfwlyho|/ ohvv dqg pruh vxssruwlyh ri vhsdudwlrq
wkhruhp1
Krzhyhu/ d orw ri sdshuv +vhh iru h{dpsoh Fdqqhu/ Pdqnlz/ dqg Zhlo +4<<:,
dqg Fdpsehoo dqg Ylfhlud +4<<;,, qg wkdw qdqfldo dgylvruv glvuhjdug wkh
vhsdudwlrq wkhruhp1 Lq idfw/ lw lv zhoo nqrzq wkdw qdqfldo dgylvruv vxjjhvw dq
dvvhw doorfdwlrq kdylqj d udwlr ehwzhhq vwrfnv dqg erqgv zklfk lv kljkhu iru pruh
ulvn dyhuvh lqyhvwruv1 Wkh prgho suhvhqwhg e| Fdpsehoo dqg Ylfhlud +4<<;, lv
frqvlvwhqw zlwk wklv frqyhqwlrqdo sruwirolr dgylfh exw lw idlov wr frpsodlq zlwk
wkh vhsdudwlrq wkhruhp1
Dffruglqj wr xv/ wkh prvw lpsruwdqw vrxufh ri wurxeoh lv wkh suhvhqfh ri
erwk vwrfnv dqg erqgv lqwr lqyhvwruv* sruwirolrv1 Lq sduwlfxodu/ lq wkh prvw
srsxodu dvvhw doorfdwlrq vwudwhj|/ lqyhvwru*v zhdowk lv uvw doorfdwhg wr lqglfhv
fruuhvsrqglqj wr glyhuvh dvvhw fodvvhv dqg wkhq doorfdwhg wr lqglylgxdo dvvhwv
xvlqj dssursuldwh prghov iru hdfk dvvhw fodvv1 Dffruglqjo|/ wzr pdlq sruwirolr
vwudwhjlhv kdyh ehhq vhsdudwho| ghyhorshg iru vwrfnv dqg erqgv1 Lq sduwlfxodu/
iru vwrfnv wkh prvw frpprq xvhg whfkqltxh lv wkh phdq0yduldqfh dssurdfk/ zkloh
wkh khgjlqj wkhru| iru erqgv lv edvhg rq wkh sulqflsoh ri htxdwlqj d zhljkwhg
phdq ri frxsrq pdwxulwlhv +gxudwlrq, wr d sduwlfxodu wlph wkdw zh zloo fdoo
qdqfldo krul}rq +iru d uhylhz ri wklv dssurdfk vhh Uhglqjwrq +4<85,/ Ilvkhu
dqg Zhlo +4<:4,/ Fr{/ Lqjhuvroo dqg Urvv +4<:<,/ Irqj dqg Ydvlfhn +4<;7,/
Eduehu dqg Frsshu +4<<:,,1
Wklv h{shqvlyh phwkrg ri wzr0vwdjh ghflvlrq kdv ehhq hoxghg lq wkh rswlpdo
vwrfkdvwlf frqwuro dssurdfk +vhh Phuwrq +4<9</ 4<:4, dqg Srqfhw dqg Sruwdlw
+4<<6,,1 Lq idfw/ ehfdxvh ri d sureohp ri pdunhw frpsohwhqhvv/4 lq wkhvh prghov
qr pruh wkdq rqh erqg lv frqvlghuhg1 Lq vxfk d iudphzrun/ lw ehfrphv lp0
4￿nvhqgdo +5333, dqg Emøun +4<<;, r￿hu dq lqwhuhvwlqj vxuyh| derxw wkh sureohp ri pdunhw
frpsohwhqhvv1
4srvvleoh wr dsso| wkh whfkqltxh ri gxudwlrq pdwfklqj ehfdxvh ri wkh odfn ri d
vx!flhqw qxpehu ri erqgv1
D pruh lqwhuhvwlqj dssurdfk wr wkh sureohp ri xqli|lqj wkh rswlpdo sruwirolr
uxohv iru d vhw ri vwrfnv dqg erqgv lv suhvhqwhg e| Nrqqr dqg Nred|dvkl +4<<:,1
Wkh dxwkruv ghwhuplqh wkh doorfdwlrq ri wkh lqyhvwru*v zhdowk wr hdfk dvvhw lq rqh
vwdjh e| vroylqj d odujh0vfdoh phdq0yduldqfh prgho1 Xqiruwxqdwho|/ dffruglqj wr
xv/ wkh| gr qrw sd| hqrxjk dwwhqwlrq wr wkh pdlq hfrqrplf glhuhqfh ehwzhhq
vwrfnv dqg erqgv= erqgv kdyh d pdwxulw| gdwh zkloh vwrfnv kdyh qrw1 Vr/
dffruglqj wr xv/ lw lv qrw dssursuldwh wr xvh wkh vdph ulvn phdvxuh iru erwk
vwrfnv dqg erqgv1
Lq wklv zrun/ zh xvh wkh Nrqqr dqg Nred|dvkl dssurdfk dqg zh pdlqwdlq
wkh iudphzrun ri txdgudwlf surjudpplqj exw zh suhihu wr nhhs vhsdudwh wkh
ulvn phdvxuhv iru glhuhqw dvvhwv1 Lq sduwlfxodu/ zh xvh d uhvxow suhvhqwhg lq
Eduehu dqg Frsshu +4<<;,1 Wkhvh dxwkruv vkrz wkdw wkh xvxdo olqhdu surjudp0
plqj sureohp iru lppxql}lqj d erqg sruwirolr djdlqvw sduwlfxodu lqwhuhvw udwh
vkliwv/ fdq eh jhqhudol}hg wr d txdgudwlf surjudpplqj sureohp lppxql}lqj wkh
sruwirolr djdlqvw dq| lqwhuhvw udwh vkliw1
Ehfdxvh lq rxu prgho zh pdlqwdlq wkh gxudwlrq dssurdfk/ zh rewdlq dq
rswlpdo sruwirolr ghshqglqj rq lqyhvwruv* qdqfldo krul}rq1 Lq rxu iudphzrun
wkh vhsdudwlrq wkhruhp vwd|v ydolg rqo| li doo lqyhvwruv kdyh wkh vdph qdqfldo
krul}rq1 Wkxv/ rxu uhvxow frqwdlqv wkh vhsdudwlrq wkhruhp dv d sduwlfxodu fdvh1
Ixuwkhupruh/ wkh prgho ghyhorshg lq wklv zrun lv frqvlvwhqw zlwk wkh lghd
wkdw lq wkh yhu| orqj uxq wkhuh duh qr uhdvrqv iru kroglqj erqgv1 Lq idfw/
zkhq wkh lqyhvwru*v qdqfldo krul}rq whqgv wr lqqlw|/ zh qg wkdw wkh rswlpdo
dprxqw ri zhdowk lqyhvwhg lq erqgv pxvw eh htxdo wr }hur1 Lq wklv zd|/ zh
duh deoh wr uhfrqfloh wkh lqfrqvlvwhqflhv vwuhvvhg e| Fdqqhu/ Pdqnlz/ dqg Zhlo
+4<<:, dqg Fdpsehoo dqg Ylfhlud +4<<;,1 Lq sduwlfxodu/ zh dujxh wkdw wkh dvvhw
doorfdwlrq vwudwhj| vxjjhvwhg e| qdqfldo dgylvruv lv frqvlvwhqw zlwk rxu prgho li
wkh qdqfldo krul}rq fdq eh frqvlghuhg dv dq lqglfdwru ri lqyhvwruv* ulvn dyhuvlrq1
Wklv lghd lv vxssruwhg e| Hsvwhlq dqg ]lq +4<;<,1
Dv zh kdyh douhdg| xqghuolqhg/ rxu rswlpdo udwlr ri erqgv wr vwrfnv lv d
ixqfwlrq ri qdqfldo krul}rq1 Ixuwkhupruh/ wkdqnv wr vrph dojheudlf frqvlghud0
wlrqv dqg wr d qxphulfdo h{dpsoh/ zh qg wkdw wklv ixqfwlrq lv qrw prqrwrqlf1
Lq idfw/ wkhuh h{lvwv d qdqfldo krul}rq pd{lpl}lqj wkh erqgv wr vwrfnv udwlr1
Wklv fkdudfwhulvwlf doorzv xv wr h{sodlq dw ohdvw d frpsrqhqw ri wkh zhoo
nqrzq htxlw| suhplxp sx}}oh xqghuolqhg iru wkh uvw wlph e| Phkud dqg Suhvfrww
+4<;8,1 Lq sduwlfxodu/ li lqyhvwruv* qdqfldo krul}rq vwd|v durxqg lwv ydoxh lp0
so|lqj wkh pd{lpxp udwlr ri erqgv wr vwrfnv/ wkhq dq| yduldwlrq lq wkh ulvn
dyhuvlrq ghjuhh dozd|v lpsolhv wkh vdph ehkdylrxu rq qdqfldo pdunhw= lq0
yhvwruv vhoo erqgv1 Lq wklv zd|/ wkh juhdw glhuhqfh ehwzhhq erqg dqg vwrfn
uhwxuqv +nqrzq dv htxlw| suhplxp sx}}oh, grhv qrw ydqlvk dv d vlpsoh duelwudjh
dujxphqw frxog lpso|1
Zkloh rxu zrun frqfhqwudwhv rq wkh glhuhqw ulvn phdvxuhv iru vwrfnv dqg
erqgv/ zh xqghuolqh wkdw suhylrxv dwwhpswv dw vroylqj wkh htxlw| suhplxp sx}0
}oh kdyh ehhq edvhg rq= +l, prgholqj pdunhw fudvkhv +Ulhw} +4<;;, dqg Eurzq/
Jrhw}pdqq/ dqg Urvv +4<<8,,/ +ll, prgholqj xwlolw| ixqfwlrqv zlwk ulvn dyhu0
5vlrq lqgh{ dqg hodvwlflw| ri vxevwlwxwlrq zklfk duh xquhodwhg +Zhlo +4<;<,/ dqg
Hsvwhlq dqg ]lq +4<;< 0 4<<3,,/ +lll, uhvwdwlqj wkh fdoleudwlrq phwkrgrorj| iru
ghvfulelqj uvw dqg vhfrqg prphqwv ri dvvhw uhwxuqv +Fhffkhwwl/ Odp/ dqg Pdun
+4<<6,,/ dqg +ly, frqvlghulqj wkh ulvn uhodwhg wr wkh lq dwlrq udwh +Edjoldqr h
Ehowudwwl +4<<:,,1
Wkurxjkrxw wklv zrun zh frqvlghu d frpshwlwlyh qdqfldo pdunhw zlwkrxw
iulfwlrqv/ oltxlglw| frqvwudlqwv/ wd{hv ru frpplvvlrqv rq dvvhw wudqvdfwlrqv1
Wkh sdshu lv vwuxfwxuhg dv iroorzv1 Lq Vhfwlrq 5 zh uhfdoo krz wr ghulyh/ lq d
phdq0yduldqfh iudphzrun/ wkh uhvxow ri wkh vhsdudwlrq wkhruhp1 Lq Vhfwlrq 6 zh
h{srvh eulh | wkh fodvvlfdo lppxql}dwlrq wkhru| iru d erqg sruwirolr/ edvhg rq
wkh zhljkwhg phdq ri lwv frxsrq  rz +wkh vr fdoohg gxudwlrq,1 Vhfwlrq 7 h{srvhv
wzr glhuhqw dssurdfkhv wkdw fdq eh xvhg lq rughu wr vroyh d vlpxowdqhrxv
sureohp lqvwhdg ri wkh wzr rqhv suhvhqwhg lq wkh suhylrxv vhfwlrqv1 Dffruglqjo|/
e| vroylqj d xqltxh rswlpdo sruwirolr sureohp/ Vhfwlrq 8 suhvhqwv rxu pdlq
uhvxowv= wkh frqixwdwlrq ri wkh vhsdudwlrq wkhruhp dqg d sursrvdo iru vroylqj
wkh htxlw| suhplxp sx}}oh1 Vhfwlrq 9 frqfoxghv1 D qxphulfdo vlpxodwlrq fdq eh
irxqg lq wkh Dsshqgl{1
5 Wkh fodvvlfdo ulvn plqlpl}dwlrq prgho= wkh
phdq0yduldqfh dssurdfk
Wkh ixqgdphqwdo lghd ri wkh phdq0yduldqfh dssurdfk lv wr ghvfuleh wkh eh0
kdylrxu ri dvvhw uhwxuqv wkurxjk wkh wzr uvw prphqwv ri wkhlu glvwulexwlrq
+Pdunrzlw} +4<85,,1 Wkh phdq uhsuhvhqwv wkh h{shfwhg uhwxuq zkloh wkh vwdq0
gdug ghyldwlrq vkrzv krz ydoxhv duh vsuhdg rxw durxqg wkh phdq1 Iurp wklv
srlqw ri ylhz wkh vwdqgdug huuru fdq eh d phdvxuh ri ulvn rqo| li zh fdoo ulvn
wkh srvvlelolw| wkdw dvvhw uhwxuq jrhv idu iurp lwv phdq ydoxh +lq dq| gluhfwlrq,1
Dffruglqjo|/ zh fdq vwdwh wkdw d ulvn dyhuvh lqyhvwru zdqwv wr plqlpl}h wkh
vwdqgdug ghyldwlrq +ru wkh yduldqfh, ri klv sruwirolr jlyhq d ghvluhg h{shfwhg
uhwxuq1 Wklv uhvxow lpso|lqj rqo| wkh wzr uvw prphqwv ri uhwxuq glvwulexwlrq
fdq eh rewdlqhg li zh frqvlghu dq lqyhvwru kdylqj txdgudwlf xwlolw| ixqfwlrq
lq klv zhdowk +wkh vr fdoohg phdq0yduldqfh xwlolw| ixqfwlrq,1 Rq wkh rwkhu
kdqg/ wkhuh h{lvw suhflvh k|srwkhvhv rq wkh ghqvlw| ixqfwlrqv ri dvvhw uhwxuqv
+vhh Fkdpehuodlq +4<;6,, lpso|lqj phdq0yduldqfh xwlolw| ixqfwlrqv iru doo ulvn0
dyhuvh h{shfwhg xwlolw| pd{lpl}huv1
Ixuwkhupruh/ gh Ilqhwwl +4<85, irxqg wkdw wkh ulvn suhplxp iru d vpdoo
ulvn fdq eh dssur{lpdwhg e| lwv yduldqfh1 Ohw +k, ghqrwhv wkh ulvn suhplxp
dvvrfldwhg wr wkh ulvn kh % zkhuh h % l vdu d q g r py d u l d e o hv x f kw k d wH^h %`@3 1L iw k h
lqyhvwru kdv zhdowk Z3/ dqg xwlolw| ixqfwlrq x+,/ wkhq lw pxvw eh wuxh wkdw=
H^x+Z3 . kh %,` @ x+Z3  +k,,=
E| glhuhqwldwlqj wzr wlphv wklv lghqwlw| zlwk uhvshfw wr k zh kdyh wkdw/
6ehfdxvh +3, @ 3/d q g3 +3, @ 3/w k x v =

















Wklv lv wkh vr fdoohg Duurz0Sudww dssur{lpdwlrq doorzlqj xv wr glvhqwdqjoh
wkh fkdudfwhulvwlfv ri ulvn dqg suhihuhqfhv wr hydoxdwh wkh lpsdfw ri wkh iruphu
rq zhoiduh1
Nrqqr dqg Nred|dvkl +4<<:, dujxh wkdw d phdq0yduldqfh prgho fdq/ lq
sulqflsoh/ eh dssolhg wr dq| qdqfldo dvvhw dv orqj dv rqh fdq dghtxdwho| hvwlpdwh
wkh h{shfwhg udwh ri uhwxuq dqg fruuhodwlrq frh!flhqwv ri wkh udwh ri uhwxuq ri
hdfk dvvhw1 Qhyhuwkhohvv/ zh rxwolqh wkdw/ lq wklv iudphzrun/ wkh zhoo nqrzq
Erufk0Ihogvwhlq sdudgr{ +Erufk +4<9<, dqg Ihogvwhlq +4<9<,, dulvhv zkhq dq
dvvhw uhwxuq kdv d srvlwlyh dv|pphwu|1 Lq idfw/ lq wklv fdvh/ li zh plqlpl}h lwv
yduldqfh/ wkhq zh duh plqlpl}lqj wkh jdlq srvvlelolw| dqg qrw wkh ulvn1 Wkh
phdq0yduldqfh dssurdfk lv sdudgr{0iuhh li dqg rqo| li wkh lqglhuhqfh fxuyhv rq
wkh phdq0yduldqfh d{hv kdyh d vorsh orzhu wkdq 4 ru/ dowhuqdwlyho|/ wkh Vkdush
lqgh{ iru lqyhvwru*v sruwirolr lv juhdwhu wkdq 41
Vr/ xqghu wkhvh k|srwkhvhv/ zh uhfdoo wkh pdlq vwhsv iru uhdfklqj wkh vhs0
dudwlrq wkhruhp dffruglqj wr zklfk wkh frpsrvlwlrq ri rswlpdo sruwirolr fdq
eh glylghg lqwr wzr ixqgv1 Lq sduwlfxodu/ li wkhuh h{lvwv d ulvnohvv dvvhw/ rqh ri
wkh wzr ixqgv frqwdlqv rqo| wkh ulvnohvv dvvhw/ zkloh wkh rwkhu rqh frqwdlqv rqo|
ulvn| dvvhwv1
Li n lv wkh qxpehu ri dvvhwv rq wkh qdqfldo pdunhw +ru/ dowhuqdwlyho|/ wkh
qxpehu ri dvvhwv wkh lqyhvwru zdqwv wr lqyhvw lq,/ { 5 Un￿4 frqwdlqv wkh shufhqw0
d j hr iz h d o w kl q y h v w h gl qh d f kd v v h w / 5 Un￿4 frqwdlqv wkh h{shfwhg uhwxuq ri
hdfk dvvhw/ 	 5 Un￿n lv wkh yduldqfh dqg fryduldqfh pdwul{ ri dvvhw uhwxuqv/ p
lv wkh uhwxuq wkh lqyhvwru zdqwv wr rewdlq iurp klv sruwirolr/ h 5 Un￿4 frqwdlqv
rqo| 4v/ dqg Z lv wkh lqyhvwru*v zhdowk +lq wklv iudphzrun zh fdq sxw Z @4
zlwkrxw orvv ri jhqhudolw|,/ wkhq wkh rqh0shulrg yduldqfh plqlpl}dwlrq sureohp






Wkh uvw frqvwudlqw lqglfdwhv wkdw lqyhvwru zdqwv wr rewdlq d jlyhq uhwxuq
+p, iurp klv sruwirolr zkloh wkh vhfrqg frqvwudlqw rqo| phdqv wkdw lqyhvwru
fdqqrw lqyhvw pruh wkdq klv zhdowk1
Vlqfh wkh pdwul{ 	 lv srvlwlyh vhpl0ghqlwh/ wkhq wkh uvw rughu frqglwlrqv
iru wklv sureohp duh qhfhvvdu| dqg vx!flhqw iru d plqlpxp1
7Lw lv vlpsoh wr vkrz wkdw wkh vroxwlrq wr sureohp +4, lv=5










































51 Zh fdq vhh wkdw hdfk frpsrqhqw
{￿
l ri yhfwru {￿ lv dq d!qh ixqfwlrq ri uhwxuq p1W k l vp h d q vw k d ww k hs r u w i r o l r
yduldqfh +5, lv d txdgudwlf sro|qrpldo lq p1 Dqdo|wlfdoo|=










dqg judsklfdoo|/ rq wkh >p sodqh/ zh rewdlq d eudqfk ri dq htxlodwhudo k|shu0
erod1
Qrz/ li zh lqwurgxfh d ulvn0iuhh udwh +u, dw zklfk wkh lqyhvwru fdq ohqg dqg
eruurz dq| dprxqw ri prqh|/ wkhq wkh frqvwudlqwv lq sureohp +4, fkdqjh zkloh
wkh remhfwlyh ixqfwlrq lv xqdhfwhg1 Lq sduwlfxodu/ wkh phuh exgjhw frqvwudlqw
glvdsshduv ehfdxvh lw lv srvvleoh wr lqyhvw pruh wkdq zhdowk e| eruurzlqj vrph
prqh|1 Wkxv/ wkh qhz sureohp lv=
plq
{ {3	{ v=w=
{3 .+ 4 {3h,u @ p>
+7,





3 	￿4 +  uh,
￿4
	￿4 +  uh,+p  u,= +8,




u @+ p  u,
5 
+  uh,
3 	￿4 +  uh,
￿4
> +9,
zklfk lv qr pruh d eudqfk ri dq htxlodwhudo k|shuerod exw d vwudljkw olqh rq
wkh >p sodqh1 Lw lv ixqgdphqwdo wr vwuhvv wkdw wklv vwudljkw olqh lv wdqjhqw
wr wkh orfxv uhsuhvhqwhg e| htxdwlrq +6,1 Wkxv/ zh kdyh wzr fulwlfdo srlqwv
lq wkh ulvn0uhwxuq sodqh= wkh srlqw fruuhvsrqglqj wr wkh ulvnohvv dvvhw kdylqj
frruglqdwhv +3>u, dqg wkh wdqjhqf| srlqw ehwzhhq wkh orfl +6, dqg +9, kdylqj
frruglqdwhv +S>pS,16 Wkh sruwirolr uhihuulqj wr wkh srlqw +S>pS, zloo eh
fdoohg pdunhw sruwirolr1
















































8Zh nqrz wkdw dq| srlqw ehorqjlqj wr d vwudljkw olqh +olnh +9,, fdq eh uhdfkhg
wkurxjk d olqhdu frpelqdwlrq ri wzr jlyhq srlqwv rq wkh vdph olqh1 Lq wklv vhqvh/
zh fdq vd| wkdw dq| rswlpdo sruwirolr fdq eh uhsuhvhqwhg dv d olqhdu frpelqdwlrq
ri wkh ulvnohvv dvvhw dqg wkh pdunhw sruwirolr1
Wkxv/ zh kdyh uhdfkhg wkh uhvxow +vhh/ iru lqvwdqfh/ Phuwrq +4<<3,, ri wkh
zhoo nqrzq=
Wkhruhp 4 +Vhsdudwlrq wkhruhp, = Li lw lv srvvleoh wr ohqg dqg eruurz dw
wkh vdph ulvn0iuhh udwh/ wkhq doo lqyhvwruv zloo krog wkh vdph frpsrvlwlrq iru wkhlu
sruwirolr ri ulvn| dvvhwv dqg wkhlu fkrlfhv zloo eh glhuhqw rqo| iru wkh kroglqj
shufhqwdjh ehwzhhq wkh ulvnohvv dvvhw dqg wkh ulvn| sruwirolr1
Wklv nlqg ri uhvxow vwd|v ydolg dovr zlwkrxw wkh ulvnohvv dvvhw1 Qhyhuwkhohvv/
lq wklv fdvh/ wkh wkhruhp pxvw eh h{suhvvhg dv iroorzv +vhh Phuwrq +4<<3,,=
Wkhruhp 5 Jlyhq n dvvhwv/ wkhuh h{lvwv d xqltxh +xs wr d qrq0vlqjxodu wudqv0
irupdwlrq, sdlu ri pxwxdo ixqgv frqvwuxfwhg iurp olqhdu frpelqdwlrqv ri wkhvh
dvvhwv vxfk wkdw lqglylgxdov zloo eh lqglhuhqw ehwzhhq fkrrvlqj iurp d olqhdu
frpelqdwlrq ri wkhvh wzr ixqgv ru d olqhdu frpelqdwlrq ri wkh ruljlqdo n dvvhwv1
Zh xqghuolqh wkdw/ li dvvhw sulfhv duh orj0qrupdoo| glvwulexwhg/ wkhq wkhvh
wkhruhpv vwd| ydolg dovr lq wkh rswlpdo vwrfkdvwlf frqwuro dssurdfk zkhuh/ lq
sduwlfxodu/ wkh rswlpdo sruwirolr frpsrvlwlrq lv lghqwlfdo wr +8, li wkh uhsuhvhq0
wdwlyh lqyhvwru kdv d orj0xwlolw| ixqfwlrq +vhh Phuwrq +4<9</ 4<:4,,1
Ixuwkhupruh/ xqghu wkh dvvxpswlrq ri orj0qrupdo glvwulexwhg dvvhw sulfhv/
wkh vhsdudwlrq uhvxow lv lqghshqghqw ri suhihuhqfhv/ zhdowk glvwulexwlrq ru wlph
krul}rq +Phuwrq +4<:4,,1
6 Wkh fodvvlfdo lppxql}dwlrq wkhru| iru d erqg
sruwirolr
Gxulqj rxu zrun zh zloo uhihu wr wkh iroorzlqj=
Ghqlwlrq 6 D erqg sruwirolr lv lppxql}hg djdlqvw d oldelolw|/ rffxuulqj dw d
fhuwdlq wlph/ li lwv ydoxh/ dw wklv wlph/ lv dw ohdvw htxdo wr wkh ydoxh ri oldelolw|1
Wklv lv wkh prvw frpprq ghqlwlrq ri lppxql}dwlrq +vhh Ilvkhu dqg Zhlo
+4<:4, ru Eduehu dqg Frsshu +4<<:,,1 Dffruglqj wr wklv ghqlwlrq/ wkh hdvlhvw
zd| wr lppxql}h d sruwirolr lv wr ex| rqo| d }hur frxsrq erqg zlwk wkh vdph
9pdwxulw| gdwh dv wkh wlph dw zklfk wkh oldelolw| lv iruhvhhq1 Qhyhuwkhohvv/ zh
fdqqrw eh vxuh wkdw wklv nlqg ri }hur frxsrq erqg h{lvwv1 Li wkhuh duh rqo|
frxsrq erqgv ru }hur frxsrq erqgv zlwk pdwxulw| gdwhv glhuhqw iurp wkdw ri
oldelolw|/ wkhq zh pxvw qg d uljkw frpsrvlwlrq lppxql}lqj lqyhvwru*v sruwirolr1
Wkh ydoxh ri d frxsrq erqg +dw wlph 3, lv jlyhq e| wkh suhvhqw ydoxh ri doo




Fw +4 . u+3>3>w,,
￿w > +:,
zkhuh Fw lv wkh frxsrq sdlg dw wlph w/ W lv wkh wlph wr pdwxulw| +jhqhudoo| FW
htxdov wkh erqg qrplqdo ydoxh,/ dqg u+w>v>W, lv wkh iruzdug lqwhuhvw udwh/ {hg
lq w/ iru wkh shulrg iurp v wr W +w  v?W ,1 Li w @ v/w k h qu+w>w>W, lv d vsrw
udwh1
Li doo frxsrqv fdq eh uhlqyhvwhg dw wkh vdph lqwhuhvw udwhv {hg lq 3/w k h q /





Fw +4 . u+3>w>K,,
K￿w =
Wkh lppxql}dwlrq sureohp frqvlvwv lq fkrrvlqj wkh uljkw wlph K￿ dw zklfk
lw lv rswlpdo wr vhoo wkh erqg1 Ehfdxvh lqyhvwru*v sruwirolr pxvw eh lppxql}hg
djdlqvw fkdqjhv lq u/w k h qK￿ lv frpsxwhg dv wkh wlph dw zklfk wkh ydoxh
Y +K>u, grhv qrw fkdqjh zlwk uhvshfw wr wkh lqwhuhvw udwh1 Wkxv/ li zh frqvlghu
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Fw +4 . u,
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= +;,
Dffruglqjo|/ wkh rswlpdo wlph krul}rq lv htxdo wr wkh zhljkwhg phdq ri
wlphv dw zklfk frxsrqv duh sdlg/ zkhuh wkh zhljkwv duh jlyhq e| wkh glvfrxqwhg
frxsrqv1 Wklv zhljkwhg phdq lv fdoohg gxudwlrq1
Lw lv hdv| wr vkrz wkdw wklv uhvxow fdq eh h{whqghg wr wkh fdvh lq zklfk
lqwhuhvw udwhv duh qrw frqvwdqw1 Lq sduwlfxodu/ zh uhfdoo wkh Ilvkhu dqg Zhlo*v
wkhruhp +vhh Ilvkhu dqg Zhlo +4<:4,,=








:Wkhruhp 7 Jlyhq dq lqwhuhvw udwh whup vwuxfwxuh hyroylqj dffruglqj wr sdudooho
vkliwv/ wkhq d sruwirolr lv khgjhg zlwk uhvshfw wr d oldelolw| rffxuulqj dw wlph K/
li=
0 wkh sruwirolr suhvhqw ydoxh htxdov wkh suhvhqw ydoxh ri wkh oldelolw|>
0 wkh sruwirolr gxudwlrq htxdov K1
Zh xqghuolqh wkdw Uhglqjwrq +4<85, kdg douhdg| vwdwh wklv vdph wkhruhp iru
d  rz ri oldelolwlhv1 Xqiruwxqdwho|/ klv wkhruhp lv ydolg rqo| iru olwwoh fkdqjhv lq
wkh lqwhuhvw udwh vwuxfwxuh1 Qhyhuwkhohvv/ wkh olplwdwlrq wr kdyh rqo| rqh oldelolw|
fdq eh uhod{hg ehfdxvh pxowlsoh oldelolwlhv fdq eh kdqgohg dv dq h{whqvlrq ri wkh
vlqjoh oldelolw| fdvh e| lppxql}lqj vhsdudwho| iru hdfk oldelolw| fdvk  rz +vhh
Elhuzdj/ Ndxipdq/ dqg Wrhyv +4<;6,,1
Ixuwkhupruh/ d pruh jhqhudo uhvxow fdq eh rewdlqhg li zh frqvlghu qrw rqo|
sdudooho vkliwv rq lqwhuhvw udwhv exw dovr frqyh{ vkliwv18 Zh uhfdoo wkh iroorzlqj
+vhh iru lqvwdqfh Prulfrql +4<<7,,=
Wkhruhp 8 +Khgjlqj Jhqhudo Wkhruhp, = Jlyhq dq lqwhuhvw udwh whup
vwuxfwxuh hyroylqj dffruglqj wr frqyh{ vkliwv/ wkhq d sruwirolr lv khgjhg zlwk
uhvshfw wr d vhtxhqfh ri oldelolwlhv li=
0 wkh sruwirolr suhvhqw ydoxh htxdov wkh suhvhqw ydoxh ri doo oldelolwlhv>
0 wkh sruwirolr gxudwlrq htxdov wkh gxudwlrq ri oldelolwlhv>
0 wkh PDG +phdq devroxwh ghyldwlrq, lqgh{ iru oldelolwlhv lv qrw juhdwhu wkdq
wkh PDG lqgh{ iru sruwirolr/ dw hdfk wlph ri sd|phqw19
Dv d fruroodu| zh kdyh wkh=
Wkhruhp 9 +Suhvhuydwlrq Wkhruhp, = D erqg sruwirolr/ khgjhg dw wlph w
dffruglqj wr wkh khgjlqj jhqhudo wkhruhp/ vwd|v khgjhg xqwlo dq lqwhuhvw udwh vkliw
rffxuv1:
Zh xqghuolqh wkdw wklv suhvhuydwlrq wkhruhp lv qr pruh ydolg li zh frqvlghu
d vwrfkdvwlf lqwhuhvw udwh whup vwuxfwxuh1 Lq idfw/ lq wklv fdvh/ zh fdq lppxql}h
wkh lqyhvwru*v sruwirolr rqo| lqvwdqwdqhrxvo| +Eduehu dqg Frsshu +4<<:,,1
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zkhuh & lv wkh qxpehu ri erqgv lq wkh lqyhvwru*v sruwirolr/ %￿ lv wkh shufhqwdjh ri zhdowk
lqyhvwhg lq dvvhw ￿/ ￿￿c| lv wkh frxsrq sdlg dw wlph | rq erqg ￿/d q gu| lv wkh oldelolw| gxh dw
wlph |1
:Wkh suhvhuydwlrq wkhruhp lv ydolg dovr iru Ilvkhu0Zhlo*v wkhruhp1
;Lq wklv frqwh{w/ wkh erqg ulvn lv uhsuhvhqwhg e| wkh fkdqjhv lq lwv ydoxh +Y ,
gxh wr lqwhuhvw udwh vkrfnv1 Li zh frqvlghu d vpdoo vkrfn lq u/ wkhq wkh shufhqwdjh
fkdqjh lq Y fdq eh zulwwhq lq wkh iroorzlqj zd|=
CY@Cu
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Fw +4 . u,
￿w
=
Wkxv/ zh kdyh rewdlqhg wkh zhoo nqrzq uhvxow dffruglqj wr zklfk kljkhu wkh
gxudwlrq kljkhu wkh yrodwlolw| ri erqg ydoxhv1 Wkdw lv wr vd| wkdw orqj gxudwlrq
erqgv uhdfw pruh zlgho| wr lqwhuhvw vkrfnv wkdq vkruw gxudwlrq erqgv1
7 Krz wr xqli| wkh vwrfn dqg erqg sureohpv
Lq wkh suhylrxv vhfwlrqv zh kdyh vkrzq wkdw wkh ulvn uhgxfwlrq srolf| lpsolhv
w k hv r o x w l r qr idt x d g u d w l fs u r e o h pi r uv w r f n vd q gr ido l q h d uv | v w h pi r ue r q g v 1
Wkxv/ wkh prvw frpprq sruwirolr vwudwhj| lv wr vroyh d wzr vwdjh sureohp= lq
wkh uvw vwdjh wkh zhdowk shufhqwdjhv wr eh lqyhvwhg lq vwrfnv dqg erqgv duh
frpsxwhg dqg/ lq wkh vhfrqg vwdjh/ wkh rswlpdo frpsrvlwlrq ri hdfk sruwirolr
vxevhw lv ghwhuplqhg1
Rxu zrun lv dlphg dw holplqdwlqj wklv grxeoh fkrlfh1 Wkh vdph sureohp
lv frqvlghuhg e| Nrqqr dqg Nred|dvkl +4<<:, zkr ghwhuplqh wkh doorfdwlrq ri
wkh lqyhvwru*v zhdowk wr hdfk dvvhw lq rqh vwdjh e| vroylqj d odujh0vfdoh phdq0
yduldqfh prgho1 Wkh| xqghuolqh wkdw wkh uhwxuq vwuxfwxuh ri erqg fkdqjhv dv
d ixqfwlrq ri wlph +vhh dovr Eduehu dqg Frsshu +4<<:,, dqg/ qhyhuwkhohvv/ wkh|
gr qrw uhqghu h{solflw wklv ghshqghqfh1
Wkxv/ lq wkh iroorzlqj vhfwlrqv/ zh xvh wkh Nrqqr dqg Nred|dvkl dssurdfk
pdlqwdlqlqj wkh iudphzrun ri txdgudwlf surjudpplqj exw zh suhihu wr nhhs
vhsdudwh wkh ulvn phdvxuhv iru glhuhqw dvvhwv1 Iru vwrfnv zh xvh wkh fodvvlfdo
phdq0yduldqfh dssurdfk dqg iru erqgv zh xvh wkh whfkqltxh ri gxudwlrq pdwfk0
lqj1 E| xvlqj wkh gxudwlrq dssurdfk/ wkh prgho zh suhvhqw lv deoh wr srlqw rxw
krz rswlpdo sruwirolr frpsrvlwlrq ghshqgv rq lqyhvwruv* qdqfldo krul}rq1
Lq wkh iroorzlqj vhfwlrqv/ zh h{srvh wzr srvvleoh zd|v wr wudqvirup wkh olqhdu
surjudpplqj sureohp iru erqgv lqwr d txdgudwlf surjudpplqj sureohp1 Iru
wklv sxusrvh/ d uhvxow suhvhqwhg lq Eduehu dqg Frsshu +4<<;, lv xvhixo1 Wkhvh
dxwkruv vkrz wkdw wkh xvxdo olqhdu surjudpplqj sureohp iru lppxql}lqj d erqg
sruwirolr djdlqvw sduwlfxodu lqwhuhvw udwh vkliwv/ fdq eh jhqhudol}hg wr d txdgudwlf
surjudpplqj sureohp lppxql}lqj wkh sruwirolr djdlqvw dq| lqwhuhvw udwh vkliw1
714 Wkh plqlpd{ ulvn vwudwhj|
Wkh prvw frpprq lppxql}dwlrq whfkqltxhv duh edvhg rq wkh dvvxpswlrq wkdw
lqwhuhvw udwh vkliwv kdyh d suhflvh ehkdylrxu +sdudooho iru Ilvkhu dqg Zhlo*v wkh0
ruhp ru frqyh{ iru wkh Jhqhudo Khgjlqj Wkhruhp,1 Eduehu dqg Frsshu +4<<;,
<frqvlghu d frpsohwh vhw ri ihdvleoh lqwhuhvw udwh vkliwv dqg wkh| sursrvh wr fkrrvh
wkh sruwirolr plqlpl}lqj lwv pd{lpxp vhqvlwlylw| ryhu wklv vhw ri vkrfnv +plql0
pd{ vwudwhj|,1
Wkh| frqvlghu d vhw ri ihdvleoh vkrfnv frqvlvwlqj ri doo gluhfwlrqv +wkdw lv wr
vd| wkh| suhvhqw wkh vlwxdwlrq iru dq lqyhvwru kdylqj qr sulru lqirupdwlrq, dqg
wkh| qg d uhvxow wkdw lv yhu| lqwhuhvwlqj iru rxu sxusrvh1 Lq wkhlu iudphzrun/
li wkh sruwirolr fdvk  rz vwuhdp lv glvfuhwh/ wkhq wkh plqlpd{ vwudwhj| uhtxluhv
plqlpl}lqj d txdgudwlf irup lq d v|pphwulf srvlwlyh ghqlwh pdwul{1 Wklv uhvxow
lv h{dfwo| zkdw zh qhhg lq rughu wr lqwhjudwh vwrfn dqg erqg sureohpv1 Wkxv/
iru rxu sxusrvh/ wkh prgho sursrvhg e| Eduehu dqg Frsshu jlyhv vwurqj edvhv
wr wkh lghd ri xvlqj txdgudwlf surjudpplqj hyhq iru wkh lppxql}dwlrq ri d erqg
sruwirolr1
Wkh prvw lpsruwdqw vwhsv iru uhdfklqj wklv plqlpd{ vwudwhj| duh dv iroorzv1
Ohw  eh d Ohehvjxh0Vwlhowmhv phdvxuh rq wkh uhdo qxpehu olqh vwdqglqj iru wkh
fdvk  rzv iru d sruwirolr ri dvvhwv dqg oldelolwlhv1 Li zh frqvlghu dq| vkliw rq wkh
iruzdug lqwhuhvw udwh vwuxfwxuh zkrvh gluhfwlrq lv i +w, dqg zkrvh pdjqlwxgh lv
{/ wkhq wkh hyroxwlrq ri wkh fxuuhqw lqvwdqwdqhrxv iruzdug lqwhuhvw udwh fdq eh
uhsuhvhqwhg dv=
 +w>{,@ +w>3, . i +w,{=
















1 Wkxv/ wkh suhvhqw ydoxh ri fdvk  rzv lv
 +w,@
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43Wkdqnv wr wklv uhvxow wkh| fodlp wkdw wkh plqlpd{ vwudwhj| fdq eh h{suhvvhg










dqg zh fdq lpphgldwho| vhh wkdw li wkh fdvk  rz vwuhdp lv glvfuhwh/ wkhq wklv uh0
vxow frqvlvwv lq plqlpl}lqj d txdgudwlf remhfwlyh ixqfwlrq edvhg rq d v|pphwulf
srvlwlyh ghqlwh pdwul{1
715 Wkh pd{lpxp glyhuvlfdwlrq vwudwhj|
Wkh plqlpxp yduldqfh sureohp iru vwrfnv lpsolhv d glyhuvlfdwlrq lq sruwirolr
frpsrvlwlrq1 Wklv glyhuvlfdwlrq/ lq idfw/ lv deoh wr uhgxfh wkh qrq v|vwhpdwlf
ulvn ri wkh lqyhvwru*v sruwirolr1 Wkxv/ hyhq iru d erqg sruwirolr/ zh fdq xvh
dq remhfwlyh ixqfwlrq doorzlqj wr rewdlq d glyhuvlfdwlrq uhvxow1 Wklv nlqg ri
ixqfwlrq pxvw kdyh wkh irup ri d zhljkwhg phdq ri wkh vtxduh ri sruwirolr
frpsrvlwlrq1 Wkh zhljkwv fdq eh uhsuhvhqwhg/ iru lqvwdqfh/ e| erqg sulfhv dqg/
lq wklv fdvh/ wkh glyhuvlfdwlrq sureohp fdq eh zulwwhq dv iroorzv=;
plq
| |3t| v=w=
|3Y G @ KO^4 . u+w>K,`
￿+K￿w, >
|3Y @ O^4 . u+w>K,`
￿+K￿w, >
+43,
zkhuh | 5 UnE￿4 frqwdlqv erqg sruwirolr frpsrvlwlrq/ t 5 UnE￿4 frqwdlqv erqg
sulfhv/ t 5 UnE￿nE lv d gldjrqdo pdwul{ frqwdlqlqj wkh hohphqwv ri yhfwru t/
Y 5 UnE￿4 frqwdlqv erqg ydoxhv Yl +dv lq irupxod +:,,/< Y 5 UnE￿nE lv d
gldjrqdo pdwul{ frqwdlqlqj wkh hohphqwv ri yhfwru Y / G 5 UnE￿4 frqwdlqv erqg
gxudwlrqv Gl +dv lq irupxod +;,,/ O lv wkh oldelolw| rffxuulqj dw wlph K dqg/
dffruglqjo|/ O^4 . u+w>K,`￿+K￿w, lv wkh oldelolw| suhvhqw ydoxh1
Wkh wzr frqvwudlqwv lq sureohp +43, duh wkh gxudwlrq frqvwudlqw dqg wkh exg0
jhw frqvwudlqw uhvshfwlyho|1 Wkh vroxwlrq wr wklv sureohp43 lv jlyhq e| irupxod
+5, zkhuh zh kdyh wr frqvlghu wkh iroorzlqj fkdqjhv=
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Zh xqghuolqh wkdw li wkhuh zhuh wudqvdfwlrq frvwv/ wkhq wklv glyhuvlfdwlrq
vkrxog qrw eh rswlpdo exw/ vlqfh lq rxu dqdo|vlv wkhuh duh qr pdunhw iulfwlrqv/





<Li wkh ￿qdqfldo pdunhw lv h!flhqw/ wkhq T ’ ^1
43Dovr lq wklv fdvh wkh ￿uvw rughu frqglwlrqv duh qhfhvvdu| dqg vx!flhqw iru d plqlpxp1
44wkhq wklv uhvxow fdq eh frqvlghuhg frqvlvwhqw zlwk wkh dssurdfk xvhg lq wkh
suhylrxv vhfwlrqv1
Wkdqnv wr deryh0phqwlrqhg uhvxowv/ zh fdq dujxh wkdw wkh olqhdu surjudp0
plqj sureohp iru d erqg sruwirolr fdq eh uhvwdwhg dv d txdgudwlf surjudpplqj
sureohp1 Wklv uhvxow doorzv xv wr sxw wrjhwkhu wkh vwrfn dqg erqg sureohpv
lq d yhu| hdv| zd|1 Wkh iroorzlqj vhfwlrq dqdo|}hv wkh vroxwlrq wr wkh xqlhg
sureohp1
8 Dq dvvhw doorfdwlrq sureohp
Fdqqhu/ Pdqnlz dqg Zhlo +4<<:, frqvlghu wkh doorfdwlrq sureohp iru dq lqyhvwru
zkr fdq krog fdvk +d ulvnohvv dvvhw,/ erqgv dqg vwrfnv1 Wkh| qg wkdw wkh
lqyhvwphqw vwudwhj| frpprqo| xvhg e| qdqfldo dgylvruv lv lqfrqvlvwhqw zlwk
wkh vhsdudwlrq wkhruhp1 Lq sduwlfxodu/ qdqfldo dgylvruv uhfrpphqg djjuhvvlyh
lqyhvwruv wr krog d orzhu udwlr ri erqgv wr vwrfnv wkdq frqvhuydwlyh lqyhvwruv1
Lqvwhdg/ dffruglqj wr wkh vhsdudwlrq wkhruhp/ wkh rswlpdo sruwirolr doorfdwlrq
ehwzhhq vwrfnv dqg erqgv vkrxog eh wkh vdph iru doo lqyhvwruv1
Khuh/ zh dqdo|}h wkh vdph sureohp dv wkhvh dxwkruv1 Zh frqvlghu d vxemhfw
zkr fdq lqyhvw klv zhdowk lq vwrfnv/ erqgv/ dqg d ulvnohvv dvvhw1 Wkh ulvnohvv
dvvhw uhwxuq +u, lv wkh udwh dw zklfk lqyhvwru fdq ohqg dqg eruurz dq| dprxqw ri
prqh|1 Ixuwkhupruh/ zh vxssrvh lqyhvwru zdqwv wr dfklhyh wkh wzr remhfwlyhv ri
plqlpl}lqj wkh yduldqfh ri wkh vwrfn vxevhw ri klv sruwirolr dqg ri lppxql}lqj
wkh erqg vxevhw ri klv sruwirolr djdlqvw d oldelolw| rffxuulqj dw d jlyhq wlph K1
Wkxv/ zh ghqh rxu iudphzrun dv iroorzv=
Ghqlwlrq : Wkh P0I0Z +Pdunrzlw}0Ilvfkhu0Zhlo, iudphzrun lv wkh vhw ri
k|srwkhvhv=
4, lqyhvwruv fdq ohqg dqg eruurz dq| dprxqw ri prqh| dw wkh vdph ulvn iuhh
lqwhuhvw udwh +u,>
5, lqyhvwruv plqlpl}h wkh yduldqfh ri wkh vwrfn vxevhw ri wkhlu sruwirolr>
6, lqyhvwruv lppxql}h wkh erqg vxevhw ri wkhlu sruwirolr zlwk uhvshfw wr d
oldelolw| rffxuulqj dw d jlyhq wlph K/ xqghu sdudooho vkliwv ri wkh lqwhuhvw udwh
vwuxfwxuh>
7, wkhuh duh qr vkruw vhoolqj frqvwudlqwv1
Dffruglqjo|/ lq rxu iudphzrun wkh lqyhvwru kdv wzr glhuhqw remhfwlyh ixqf0
wlrqv iru vwrfnv dqg erqgv1 Zh xvh wkh zhoo nqrzq surshuw| dffruglqj wr zklfk
zh fdq rewdlq d Sduhwr rswlpdo uhvxow e| rswlpl}lqj wkh zhljkwhg vxp ri wkhvh
ixqfwlrqv +vhh iru h{dpsoh Gx!h +4<<9,,1 Li erqg dqg vwrfn vxevhwv kdyh wkh
vdph lpsruwdqfh iru lqyhvwruv +l1h1 wkh| kdyh wkh vdph zhljkwv lq wkh remhfwlyh
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zkhuh wkh yduldeohv qrw douhdg| ghqhg lq wkh suhylrxv vhfwlrqv duh dv iroorzv=
{ 5 UnD￿4 frqwdlqv vwrfn zhljkwv/ s 5 UnD￿4 frqwdlqv vwrfn sulfhv/  5 UnE￿nE
lv d v|pphwulf dqg srvlwlyh vhplghqlwh pdwul{ +phdvxulqj wkh ulvn ri erqgv,/44
dqg  5 UnE￿4 frqwdlqv erqg uhwxuqv1
Lq sureohp +44, zh kdyh irupxodwhg wkh uhwxuq frqvwudlqw iru vwrfnv dqg
erqgv wrjhwkhu dqg zh kdyh pdlqwdlqhg wkh gxudwlrq frqvwudlqw iru erqgv1
Zh xqghuolqh wkdw rxu k|srwkhvlv ri htxdo lpsruwdqfh iru vwrfn dqg erqg
remhfwlyh ixqfwlrqv lv mxvw pdgh iru vlpsoli|lqj wkh frpsxwdwlrqv1 Lq idfw/ wkh
fdvh ri glhuhqw zhljkwv iru vwrfnv +D, dqg erqgv +E, fdq eh lpsohphqwhg
lq dq hdv| zd| e| frqvlghulqj wkh iroorzlqj pdwulfhv= h 	@D	 dqg h @E1
Wkxv/ lq wkh iroorzlqj dqdo|vlv zh sxw D @ E @4zlwkrxw orvv ri jhqhudolw|1
E| vroylqj wkh txdgudwlf sureohp +44, zh kdyh=45
Sursrvlwlrq ; Wkh rswlpdo sruwirolr frpsrvlwlrqv iru vwrfnv +{￿, dqg erqgv























zkhuh L lv wkh lghqwlw| pdwul{/ D @	 ￿4s/ E @ ￿4t/ i+K,@ Y GKt/
dqg/ qdoo|/ u lv wkh ghwhuplqdqw ri wkh iroorzlqj 5  5 pdwul{=

















Zh fdq vhh wkdw wkh rswlpdo sruwirolr frpsrvlwlrqv {￿ dqg |￿ duh olqhdu ixqf0
wlrqv ri p dqg duh sursruwlrqdo wr wkh udwlr ehwzhhq wzr txdgudwlf sro|qrpldov
lq K1
Zh kdyh wr xqghuolqh wkdw wkh yhfwru ixqfwlrq i +K, kdv d suhflvh phdqlqj=
lw phdvxuhv wkh glvwdqfh ehwzhhq wkh gxudwlrq ri hdfk erqg dqg wkh lqyhvwru*v
qdqfldo krul}rq K1W k l vg l v w d q f hf d qe hq h j d w l y hd q gl wl vp h d v x u h gl q w l p h 0
prqh| lqwhqvlw|1 Iurp wkh vhfrqg frqvwudlqw lq sureohp +44,46 zh fdq vhh wkdw
wkh rswlpdo frpsrvlwlrq |￿ pxvw htxdwh wklv glvwdqfh wr }hur1
44Dv zh kdyh vkrzq lq wkh suhylrxv vhfwlrq/ pdwul{ K fdq vwdqgv iru wkh gldjrqdo pdwul{ ri
erqg sulfhv ru iru wkh glvfuhwh wlph yhuvlrq ri Eduehu dqg Frsshu pdwul{ lq irupxod +<,1
45Wkh iroorzlqj sursrvlwlrq fdq eh fkhfnhg e| dsso|lqj wkh irupxod lq wkh irrwqrwh 5 wr
sureohp +44,1
46Wklv frqvwudlqw fdq eh zulwwhq dv= +￿s EM￿’f 1
46814 Wkh sruwirolr zlwk rqh vwrfn dqg rqh erqg
Lq wklv vhfwlrq zh srlqw rxw wkh fdvh lq zklfk wkh remhfwlyh ixqfwlrq qr pruh
pdwwhuv1 Lq sureohp +44,/ zh kdyh wzr htxdolw| frqvwudlqwv dqg vr/ li wkhuh h{lvw
rqo| rqh erqg dqg rqh vwrfn/ wkhq wkh remhfwlyh ixqfwlrq lv luuhohydqw1 Lqghhg/
wkh vroxwlrq fdq eh irxqg mxvw e| lqyhuwlqj wkh pdwul{ ri wkh frqvwudlqwv dqg
wkh sureohp ehfrphv dv iroorzv=

s4 +4  u, t4 +4  u,






















Ehfdxvh zh fdqqrw pdwfk wkh gxudwlrq ri wkh xqltxh erqg zlwk wkh gxudwlrq
ri rwkhu erqgv/ lw lv vhqvhohvv wr ex| wklv erqg +xqohvv lwv gxudwlrq htxdov K/
dqg lq wklv fdvh wkh lqyhvwru pxvw fkrrvh wkh dvvhw zlwk wkh kljkhvw uhwxuq,1 Wkh
rswlpdo vwrfn zhljkw kdv mxvw wr vdwlvi| wkh frqvwudlqw= {4s4 +4  u,@p  u=
815 Wkh vhsdudwlrq wkhruhp= rqo| d sduwlfxodu fdvh
Lq rughu wr fkhfn li wkh vhsdudwlrq wkhruhp krogv dovr lq rxu iudphzrun/ zh fdq







zkhuh wkh Juhhn frh!flhqwv duh frpsxwhg iurp pdwulfhv lq +45,1
E |u h s u h v h q w l q jl qw k hv d p hz d |w k hf d v hl qz k l f kw k h u hg r h vq r wh { l v wd q |








@ qu +K,.qu +K,p=
Jlyhq d {hg ydoxh iru K +l1h1 doo lqyhvwruv kdyh wkh vdph krul}rq,/ wkhq
wkh frh!flhqwv ri wklv wzr olqhdu ixqfwlrqv duh frqvwdqw1 Wkxv/ dv lq Vhfwlrq
5/ zh fdq qg d xqltxh ydoxh ri p iru zklfk wkh wzr yhfwruv







frlqflgh1 Wklv ydoxh lv wkh devflvvd ri wdqjhqw srlqw ehwzhhq orfl
+6, dqg +9, dqg lw lv jlyhq e|=
pS @
+K,  qu +K,
qu +K,   +K,
>








+K,  qu +K,
qu +K,   +K,
@ qu +K,.qu +K,
+K,  qu +K,
qu +K,   +K,
=
+46,
Lq wklv fdvh/ zh kdyh uhdfkhg wkh uhvxow ri wkh vhsdudwlrq wkhruhp iru zklfk/
jlyhq wkh uhwxuq pS ri wkh pdunhw sruwirolr/ doo lqyhvwruv fkrrvh wkh vdph
frpsrvlwlrq iru wkhlu ulvn| sruwirolr1 Qhyhuwkhohvv/ wklv uhvxow lv wuxh rqo| li K
l v { h g 1L qi d f w /z hf d qv h hw k d wpS lv qr pruh d ixqfwlrq ri jlyhq sdudphwhuv
exw lw ehfrphv d ixqfwlrq ri wkh suhihuhqfh sdudphwhu K1 Vr/ zh fdq vwdwh wkh
iroorzlqj=
Sursrvlwlrq < +Jhqhudo Vhsdudwlrq Wkhruhp, = Lq wkh P0I0Z iudphzrun
doo lqyhvwruv krog wkh vdph frpsrvlwlrq +htxdwlrq 46, iru wkhlu vwrfn dqg erqg
sruwirolr rqo| li wkh| kdyh wkh vdph lqyhvwphqw krul}rq +K, iru wkhlu erqg sruw0
irolr1
Lq wklv zd|/ zh fodlp wkdw wkh ruljlqdo vhsdudwlrq wkhruhp lv rqo| d sduwlf0
xodu fdvh ri d pruh jhqhudo rqh1 Lw krogv li zh glylgh lqyhvwruv lqwr glhuhqw
fdwhjrulhv dffruglqj wr wkhlu krul}rq K/ dqg wdnh glhuhqw rswlpdo sruwirolr iru
hdfk fdwhjru|1
816 Dv|pswrwlf ehkdylrxu ri rswlpdo sruwirolr frpsrvl0
wlrq
Lq wklv vhfwlrq zh frpsxwh wkh dojheudlf vroxwlrqv iru wkh wzr olplw fdvhv frq0
fhuqlqj wkh krul}rq K=
d, K @3 >
e, K $4 =













G3Y ￿4Y G	￿4 +s  su, 
G3Y ￿4Y GL  ￿4Y GG3Y
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t3￿4t	￿4 +s  su, 
t3￿4tL  ￿4tt3




j+u,@3s	￿4s . 3t￿4t  5+s3	￿4s  t3￿4t,u .
.+s3	￿4s . t3￿4t,u5=
E| frpsdulqj wkh wzr olplw fdvhv +47, dqg +48, zh vhh wkdw wkh| fdq eh
htxdo rqo| lq d yhu| sduwlfxodu fdvh1 Lq idfw/ irupxodh +47, dqg +48, frlqflgh li=

t @ Y G>
G @ ￿4t>
exw/ vlqfh lq dq h!flhqw pdunhw wkh frqglwlrq t @ Y pxvw krog/ wkhq wkh uvw
htxdwlrq ri wkh v|vwhp ehfrphv G @ h/ wkdw lv wr vd| wkdw doo erqgv vkrxog kdyh
d gxudwlrq ri rqh shulrg1 Wklv frqglwlrq lv yhu| xqolnho|1 Dffruglqjo|/ zh fdq
vwdwh=
Sursrvlwlrq 43 Lq wkh P0I0Z iudphzrun wkh lqyhvwphqw vwudwhj| iru dq lq0
yhvwru zlwk lqqlwh wlph krul}rq htxdov wkh vwudwhj| iru dq lqyhvwru zlwk }hur
wlph krul}rq rqo| li hdfk erqg kdv rqh shulrg gxudwlrq1
Lq wkh iroorzlqj vhfwlrq zh zloo lqyhvwljdwh wkh vljq ri sruwirolr frpsrvlwlrqv
+47, dqg +48, dqg zh zloo wu| wr dqvzhu wkh txhvwlrq= grhv lw h{lvw d wlph K iru
zklfk wkhuh lv qr lqwhuhvw lq kroglqj erqgvB
817 Wkh lqyhvwphqw krul}rq dv d phdvxuh ri ulvn dyhuvlrq
+d vroxwlrq wr wkh dvvhw doorfdwlrq sx}}oh,
Zh kdyh qrw |hw lqwurgxfhg dq| ulvn dyhuvlrq phdvxuh/ qhyhuwkhohvv/ zh fdq
qg lq rxu iudphzrun vrphwklqj wkdw fdq eh ylhzhg dv dq lqglfdwru ri ulvn
dyhuvlrq= wkh yduldeoh K1 Lq idfw/ lw lv txlwh lqwxlwlyh wr lpdjlqh wkdw=
41 lqyhvwruv zkr duh pruh ulvn dyhuvh fkrrvh olwwoh K/w k d wl vw rv d |w k h |
suhihu wr lppxql}h wkhlu sruwirolr iru d vkruw shulrg ri wlph lq rughu wr
k d y hw k h l up r q h |d y d l o d e o hd vv r r qd vs r v v l e o h >
5 1l q y h v w r u vz k rd u ho h v vu l v nd y h u v hf k r r v he l jy d o x h vi r uK ehfdxvh wkh|
duh ohvv diudlg ri wkh hfrqrplf ixwxuh dqg wkh| duh pruh zloolqj wr ehw rq
kljkhu dqg ulvnlhu uhwxuqv1
Zh xqghuolqh wkdw/ xqghu wkh k|srwkhvhv ri wkh P0I0Z iudphzrun/ wkh
krul}rq K lv wkh wlph dw zklfk wkh sruwirolr xqfhuwdlqw| lv uhvroyhg1 Lq idfw/
wkh erqg vxevhw ri wkh rswlpdo sruwirolr lv lppxql}hg xqwlo wkh wlph K1W k x v /
zh fdq qg d vxssruw iru wkh k|srwkhvhv lq srlqwv 41 dqg 51 lq wkh zrun
ri Hsvwhlq dqg ]lq +4<;<,1 Wkh| ghyhors d fodvv ri uhfxuvlyh suhihuhqfhv ryhu
lqwhuwhpsrudo frqvxpswlrq shuplwwlqj ulvn dwwlwxghv wr eh glvhqwdqjohg iurp












zkhuh f lv wkh suhvhqw frqvxpswlrq zkloh } lv wkh suhvhqw h{shfwhg ydoxh ri ixwxuh
frqvxpswlrq1 Wkh srvlwlyh sdudphwhu  fdq eh lqwhusuhwhg dv d ulvn dyhuvlrq
sdudphwhu dqg  dv dq lqgh{ ri lqwhuwhpsrudo vxevwlwxwlrq1 Hsvwhlq dqg ]lq qg
wkdw wkh fxuydwxuh ri X +f>}, lv wkh ghwhuplqdqw ri dwwlwxghv wrzdugv wlplqj zlwk
lqglhuhqfh wrzdugv wlplqj suhydlolqj rqo| li X +f>}, lv olqhdu/ zkloh hduo| +odwh,
uhvroxwlrq lv suhihuuhg li  lv ohvv +juhdwhu, wkdq 1 Wklv phdqv wkdw kljkhu wkh
ulvn dyhuvlrq orzhu wkh lqyhvwru*v wlph krul}rq1
Iurp htxdwlrq +45, zh fdq frpsxwh wkh dprxqw ri prqh| lqyhvwhg lq vwrfnv
dqg erqgv= uhvshfwlyho| {￿3s dqg |￿3t1 Wkhq/ lq rughu wr h{sodlq wkh lqyhvwru*v
ehkdylrxu dqdo|}hg e| Fdqqhu/ Pdqnlz dqg Zhlo +4<<:,/ zh vkrxog qg d udwlr
ri erqgv wr vwrfnv ghfuhdvlqj zlwk uhvshfw wr K1 Zh fdoo wklv ixqfwlrq suhihu0











3 ￿4i +K,s3 +D  	￿4su,
=
Ehfdxvh zh zdqw wr rxwolqh wkh ghshqghqfh ri SE rq wkh lqyhvwru*v krul}rq





q4 . q5K . q6K5
g4 . g5K . g6K5 > +49,
zkhuh=
q4 @+ t3￿4Y G,G3Y ￿4+t  tu,>
q5 @ ^+t3￿4Y G,t3 .+ t3￿4t,G3Y `￿4+t  tu,>
q6 @+ t3￿4t,t3￿4+t  tu,>
g4 @ G3Y ￿4Y Gs3	￿4+s  su,>
g5 @ ^G3Y ￿4t . t3￿4Y G`s3	￿4+s  su,>
g6 @+ t3￿4t,s3	￿4+s  su,=
Reylrxvo|/ li SE A 4 wkhq wkh lqyhvwru suhihuv erqgv lq wkh vhqvh wkdw kh
lqyhvwv pruh prqh| lq erqgv wkdq lq vwrfnv1 Rq wkh frqwudu|/ li SE ? 4 wkhq
wkh lqyhvwru sxwv pruh prqh| lq vwrfnv wkdq lq erqgv1
Lw lv lqwhuhvwlqj wr xqghuolqh wkdw wkh udwlr SE grhv qrw ghshqg rq p/d q g
wklv phdqv wkdw wkh uhodwlyh dprxqw ri prqh| wkdw pxvw eh lqyhvwhg lq erqgv
zlwk uhvshfw wr vwrfnv lv qrw dhfwhg e| wkh uhwxuq wkh lqyhvwru zdqwv wr rewdlq
iurp klv sruwirolr1 Dffruglqjo|/ zh fdq vwdwh=
4:Sursrvlwlrq 44 Lq wkh P0I0Z iudphzrun wkh udwlr ri zhdowk lqyhvwhg lq erqgv
wr zhdowk lqyhvwhg lq vwrfnv +t3|￿@s3{￿, lv lqghshqghqw ri wkh udwh ri uhwxuq
lqyhvwru zdqwv wr rewdlq iurp klv sruwirolr +p,1
Xqiruwxqdwho|/ wkh ghulydwlyh ri SE zlwk uhvshfw wr K kdv qrw d fohdu vljq
+dqg qr pruh wkh vhfrqg ghulydwlyh,1 Lq idfw/ wklv lqghwhuplqdwlrq fdq eh vhhq




+q4g5  q5g4,.5+ q4g6  q6g4,K .+ q5g6  q6g5,K5
+g4 . g5K . g6K5,
5 >
iurp zklfk zh duh qrw deoh wr ghwhuplqh li wkh ixqfwlrq SE +K, lv prqrwrqlf1
Wkxv/ lw lv lqwhuhvwlqj wr fkhfn wkh ehkdylrxu ri lqgh{ SE lq wkh wzr olplwv











t3￿4 +t  tu,





G3Y ￿4 +t  tu,















{￿3 |￿3 3 dqg olp
K$4

{￿3 |￿3 3 fdqqrw eh htxdo xqohvv hdfk erqg
kdv wkh vdph rqh shulrg gxudwlrq/ wkhq uhvxow +4:, lpsolhv wkdw= olp
K$3
SE 9@3 1
Dffruglqjo|/ zh fdq vwdwh=
Sursrvlwlrq 45 Lq wkh P0I0Z iudphzrun zkhq wkh lqyhvwru*v qdqfldo krul0
}rq htxdov }hur +K @3 , kh qhyhu krogv dq duelwudjh erqg vxevhw sruwirolr
+t3|￿ 9@3 ,1
Reylrxvo|/ Sursrvlwlrq 45 pxvw qrw eh plvlqwhusuhw= zkhq zh vwdwh wkdw iru
K @3lw lv wuxh wkdw t3|￿ 9@3 / zh duh qrw vwdwlqj wkdw t3|￿ lv kljk hqrxjk wr
eh qrq0qhjoljleoh=
Uhvxow +4;, phdqv wkdw li wkh lqyhvwru grhv qrw fduh derxw klv qdqfldo
krul}rq +wkdw lv wr vd| kh grhv qrw zdqw wr rewdlq d fhuwdlq dprxqw ri prqh|
dw d {hg gdwh,/ wkhq kh sxwv doo klv prqh| lq vwrfnv dqg xvhv dq duelwudjh
sruwirolr iru erqgv1 Wkxv/ zh fdq vwdwh=
Sursrvlwlrq 46 Lq wkh P0I0Z iudphzrun li wkh wlph krul}rq ri dq lqyhvwru
whqgv wr lqqlw|/ wkhq kh krogv dq duelwudjh erqg vxevhw sruwirolr +t3|￿ @3 , dqg
kh lqyhvwv doo klv zhdowk lq vwrfnv1
4;Wkhuh lv dq reylrxv frqvlghudwlrq wr xqghuolqh= Sursrvlwlrq 46 krogv li lw lv
srvvleoh wr ex| vkruw/ li qrw zh fdq uhvwdwh wkh sursrvlwlrq lq wkh iroorzlqj zd|=
Sursrvlwlrq 47 Lq wkh P0I0Z iudphzrun/ li lw lv qrw srvvleoh wr ex| vkruw
dqg li lqyhvwru*v wlph krul}rq whqgv wr lqqlw|/ wkhq kh grhv qrw krog dq| erqg
+|￿ @3 , dqg kh lqyhvwv doo klv zhdowk lq vwrfnv1
Dffruglqjo|/ iru dq lqyhvwru zkrvh qdqfldo krul}rq whqgv wr lqqlw|/ zh fdq
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z k h u hz hk d y hv x e v w l w x w h gt iru Y G  Kt1
Qrz/ wkdqnv wr Sursrvlwlrqv 46 dqg 47/ zh duh deoh wr h{sodlq wkh dvvhw
doorfdwlrq sx}}oh irxqg e| Fdqqhu/ Pdqnlz dqg Zhlo +4<<:,1 Wkh| fodlp wkdw
qdqfldo dgylvruv vxjjhvw djjuhvvlyh lqyhvwruv krog d orzhu udwlr ri erqgv wr
vwrfnv wkdq frqvhuydwlyh lqyhvwruv dqg wklv dgylfh lv lqfrqvlvwhqw zlwk Wkhruhp
4 +vhsdudwlrq wkhruhp,1 Li K fdq eh frqvlghuhg dv d jrrg sur{| iru wkh lqyhvwru*v
djjuhvvlyhqhvv/ wkhq rxu uhvxow vwdwhg lq Sursrvlwlrq < lv frqvlvwhqw zlwk qdqfldo
dgylvruv* vxjjhvwlrq1 Lq idfw/ zkhq K lv kljk hqrxjk +wkdw lv wr vd| zkhq zh
frqvlghu dq djjuhvvlyh lqyhvwru, wkh udwlr SE phdvxulqj wkh suhihuhqfh iru erqgv
lv orz1









02 4 6 81 0 H
D qxphulfdo h{dpsoh fdq frqup wklv uhvxow1 E| sxwwlqj/ iru lqvwdqfh/ q4 @
4/ q5 @ 6/ q6 @4 / g4 @7 / g5 @ 8/d q gg6 @6 / zh qg wkh ehkdylrxu ri
4<SE uhsuhvhqwhg lq Iljxuh 41 Zh fdq vhh wkdw wkh suhihuhqfh iru erqgv kdv d
pd{lpxp ohyho fruuhvsrqglqj wr d wlph krul}rq zh zloo fdoo K￿1
D pruh duwlfxodwhg qxphulfdo h{dpsoh lv frqvlghuhg lq Dsshqgl{ D zkhuh
wkh ehkdylrxu ri ixqfwlrq SE v k r z ql qI l j x u h4l vf r q  u p h g 1
818 Wkh htxlw| suhplxp sx}}oh= d sursrvdo iru d vrox0
wlrq
Dffruglqj wr Sursrvlwlrq 44 lq wkh suhylrxv vhfwlrq/ zh fdq sursrvh d vroxwlrq
iru wkh zhoo nqrzq htxlw| suhplxp sx}}oh1 Wklv sx}}oh kdv ehhq rxwolqhg e|
Phkud dqg Suhvfrww +4<;8, zkr qg wkdw iurp 4;;< wr 4<:; rq wkh Qhz \run
Vwrfn H{fkdqjh/ wkh dyhudjh dqqxdo uhwxuq iru wkh V)S833 lqgh{ lv derxw :(/
zkloh wkh dyhudjh dqqxdo uhdo uhwxuq iru erqgv lv derxw 4(1 Wkh dxwkruv fodlp
wkdw wklv glhuhqfh +derxw 9(, fdqqrw eh h{sodlqhg wkurxjk d uhdvrqdeoh ohyho
ri ulvn dyhuvlrq dqg d orw ri dwwhpswv kdyh ehhq pdgh lq rughu wr vroyh wklv
sx}}oh1 Rqh ri wkh prvw iuxlwixo dwwhpsw zdv dlphg dw ghqlqj pruh dffxudwh
irupv iru lqyhvwruv* xwlolw| ixqfwlrq +vhh Zhlo +4<;<,/ dqg Hsvwhlq dqg ]lq +4<<3
0 4<<4,,1 Rwkhu dwwhpswv frqfhuqhg wkh uhvwdwhphqw ri wkh fdoleudwlrq phwkrg0
rorj| iru ghvfulelqj uvw dqg vhfrqg prphqwv ri dvvhw uhwxuqv +Fhffkhwwl/ Odp/
dqg Pdun +4<<6,, ru wkh lqfoxvlrq ri wkh lq dwlrq ulvn lqwr wkh dvvhw ulvn phd0
vxuh +Edjoldqr h Ehowudwwl +4<<:,,1 Dovr wkh sureohp ri pdunhw fudvkhv kdv ehhq
frqvlghuhg +Ulhw} +4<;;, dqg Eurzq/ Jrhw}pdqq/ dqg Urvv +4<<8,,1 Lq sdu0
wlfxodu/ Eurzq/ Jrhw}pdqq/ dqg Urvv +4<<8, qg wkdw doo pdunhwv vxuylyhg wr
zduv dqg rwkhu srolwlfdo ru hfrqrplf wurxeohv/ kdyh dq lqgh{ fkdudfwhul}hg e|
phdq uhyhuvlrq1 Iru d vkruw uhylhz ri wklv olwhudwxuh vhh Fdpsehoo +5333, zkr
rxwolqhv wkh lpsruwdqfh ri hdfk frqwulexwlrq1
Lq rxu iudphzrun/ zh duh deoh wr suhvhqw dw ohdvw d uhdvrq iru zklfk wkh
juhdw glhuhqfh ehwzhhq uhwxuqv rq vwrfnv dqg erqgv grhv qrw vkulqn dv d vlpsoh
duelwudjh dujxphqw frxog lpso|1
Lq idfw/ lq wkh P0I0Z iudphzrun/ diwhu fkrrvlqj wkhlu rswlpdo doorfdwlrq
ehwzhhq vwrfnv dqg erqgv/ lqyhvwruv qhyhu fkdqjh lw hyhq li wkh| zdqw wr rewdlq
d juhdwhu uhwxuq +p, iurp wkhlu sruwirolr +vhh Sursrvlwlrq 44,1 Vr/ iru hyhu| orqj
wlph shulrg/ li wkh wlph krul}rq ri lqyhvwruv +K,d q gw k hp d u n h ws d u d p h w h u v
+>>	>>s>t>Y>G, uhpdlq vwdeoh/ dovr wkh udwlr SE grhv qrw fkdqjh +wkdw lv
wr vd| iru lqyhvwruv wkhuh duh qr uhdvrqv iru dowhulqj wkhlu sruwirolr frpsrvlwlrq,1
Wkxv/ e| xvlqj Sursrvlwlrq 44 zh fodlp wkdw/ li wkh remhfwlyh ri lqyhvwruv lv
ghvfulehg e| wkh P0I0Z k|srwkhvhv dqg wkh sureohp sdudphwhuv gr qrw fkdqjh
+dw ohdvw gr qrw vljqlfdqwo| fkdqjh iurp d vwdwlvwlfdo srlqw ri ylhz,/ wkhq wkh
htxlw| suhplxp ehkdylrxu lv frqvlvwhqw zlwk rxu iudphzrun ghyhorshg vr idu1
Lq idfw/ hyhq li rq wkh pdunhw wkhuh lv d kljk glhuhqfh ehwzhhq vwrfn dqg erqg
uhwxuqv/ lw grhvq*w ydqlvk1
Xqiruwxqdwho|/ wkh gdwd diwhu Phkud dqg Suhvfrww vkrz d juhdw yduldwlrq lq
sdudphwhuv gxulqj wkh frqvlghuhg shulrg +dv lw fdq eh vhhq lq Wdeoh 5,/ dqg
ehfdxvh wkh 9( glhuhqfh lv qrw frqvwdqw gxulqj wkh shulrg 4;;<04<:;/ wkhq zh
fdqqrw gluhfwo| dsso| Sursrvlwlrq 441 Qhyhuwkhohvv/ wkdqnv wr wkh ixqfwlrqdo
53Iljxuh 5= Uhwxuqv rq vwrfnv dqg erqgv/ dqg frqvxpswlrq jurzwk udwh
Mean Std.Dev. Mean Std.Dev. Mean Std.Dev. Mean Std.Dev.
1889-1978 1.83 3.57 0.8 5.67 6.98 16.54 6.18 16.67
Std. Error (0.38)   (0.6)  (1.74)  (1.76)  
1889-1989 2.30 4.90 5.80 3.23 7.58 10.02 1.78 11.57
1899-1908 2.55 5.31 2.62 2.59 7.71 17.21 5.08 16.86
1909-1918 0.44 3.07 -1.63 9.02 -0.14 12.81 1.49 9.18
1919-1928 3.00 3.97 4.30 6.61 18.94 16.18 14.64 15.94
1929-1938 -0.25 5.28 2.39 6.50 2.56 27.90 0.18 31.63
1939-1948 2.19 2.52 -5.82 4.05 3.07 14.67 8.89 14.23
1949-1958 1.48 1.00 -0.81 1.89 17.49 13.08 18.30 13.20
1959-1968 2.37 1.00 1.07 0.64 5.58 10.59 4.50 10.17
1969-1978 2.41 1.40 -0.72 2.06 0.03 13.11 0.75 11.64
Source: Mehra and Prescott [1985], p 147.
Difference       
(A) - (B) Period
Growth (%) for 
real per capita 
Return (%) on 
bonds (B)
Return on S&P 
500 index (A)
irup ri lqgh{ SE/ zh duh vwloo deoh wr qg d vroxwlrq wr wkh htxlw| suhplxp
sx}}oh1
Lq sduwlfxodu/ zh vxssrvh wr vwduw lq d vlwxdwlrq zkhuh wkh lqyhvwru*v qdqfldo
krul}rq K htxdov K￿ +wkh krul}rq jlylqj wkh pd{lpxp SE,/ dqg wkh fkdqjhv
lq sdudphwhuv duh vxfk wkdw wkh pd{lpxp ri wkh fxuyh SE rvfloodwhv durxqg wkh
lqyhvwru*v qdqfldo krul}rq1 Xqghu wkhvh k|srwkhvhv/ zh fdq vhh iurp Iljxuh
4 wkdw lq erwk fdvhv zkhq KAK ￿ dqg K?K ￿ w k hr s w l p d oe h k d y l r x ui r u
lqyhvwru lv wr vhoo erqgv iru ex|lqj vwrfnv1 Lq wklv zd|/ wkh kljk glhuhqfh
ehwzhhq uhwxuqv rq vwrfnv dqg erqgv lv pdlqwdlqhg lq vslwh ri dq| duelwudjh
dujxphqw1
Wkh deryh0phqwlrqhg k|srwkhvhv duh qrw wrr uhvwulfwlyh1 Wkdqnv wr wkh
qxphulfdo h{dpsoh suhvhqwhg lq wkh dsshqgl{/ zh fdq vhh wkdw wkh srlqw K￿
lv qhdu wkh sruwirolr gxudwlrq1 Ehfdxvh wklv gxudwlrq uh hfwv wkh suhihuhqfh ri
lqyhvwruv zlwk uhvshfw wr wkh lppxql}dwlrq ohqjwk iru wkh erqg vxevhw ri wkhlu
sruwirolr/ wkhq/ zh fdq vxssrvh wkdw wkh k|srwkhvlv ri kdylqj d ydoxh ri K￿
rvfloodwlqj durxqg wkh lqyhvwruv* dfwxdo qdqfldo krul}rq K lv txlwh olnho|1 Lq idfw/
wkh rswlpdo sruwirolr frpsrvlwlrq zh kdyh frpsxwhg uhsuhvhqwv wkh lqyhvwruv*
dvvhw ghpdqg/ dqg li vxsso| frqirupv lwvhoi wr ghpdqg/ wkhq/ lq htxloleulxp/
lw pxvw eh wuxh wkdw K @ K￿1 Hdfk vkliw iurp wklv htxloleulxp lpsolhv wkdw
lqyhvwruv vhoo erqgv pdlqwdlqlqj wkh kljk glhuhqfh ehwzhhq vwrfn dqg erqg
uhwxuqv1
549 Frqfoxvlrq
Lq rxu zrun zh kdyh suhvhqwhg d prgho dlphg dw frqvlghulqj lq d vlqjoh sureohp
wkh wzr sruwirolr ghflvlrqv frqfhuqlqj lqyhvwphqw lq vwrfnv dqg erqgv1
Zh frqvlghu d iudphzrun lq zklfk lqyhvwruv krog erqgv iru lppxql}lqj/ dw
d fhuwdlq wlph/ d sduw ri wkhlu sruwirolr djdlqvw lqwhuhvw udwh  xfwxdwlrqv1 Lq
sduwlfxodu/ zh xvh wkh dssurdfk ri gxudwlrq pdwfklqj1
Zh lqwurgxfh dq lqgh{ iru phdvxulqj wkh lqyhvwruv* suhihuhqfh iru erqgv1 Zh
qg wkdw wklv lqgh{ lv qrw d prqrwrqlf ixqfwlrq ri lqyhvwruv* qdqfldo krul}rq
+K, exw lw lv dq lqfuhdvlqj ixqfwlrq iru orz ydoxhv ri K dqg lw ehfrphv d ghfuhdv0
lqj ixqfwlrq iru kljk ydoxhv ri K1 Wkxv/ li wlph krul}rq lv frqvlghuhg dv d sur{|
ri lqyhvwruv* ulvn dyhuvlrq/ wkhq/ iru d vx!flhqwo| kljk ydoxh ri K/ rxu prgho lv
frqvlvwhqw zlwk wkh qdqfldo dgylvruv* vwudwhjlhv zklfk/ lqvwhdg/ duh lqfrqvlvwhqw
zlwk wkh vhsdudwlrq wkhruhp1 Lq idfw/ zh kdyh vkrzq wkdw lq rxu dssurdfk wkh
vhsdudwlrq wkhruhp lv ydolg rqo| li doo lqyhvwruv kdyh wkh vdph qdqfldo krul}rq
exw wklv frqglwlrq lv hyhq pruh ghpdqglqj wkdq wkdw suhvfulelqj krprjhqhrxv
h{shfwdwlrqv rq dvvhw sulfhv1
Wkxv/ rxu zrun frqixwhv wkh vhsdudwlrq wkhruhp dqg vroyhv wkh lqfrqvlvwhqf|
ehwzhhq sudfwlfh dqg wkhru| riwhq xqghuolqhg e| wkh olwhudwxuh1
Ilqdoo|/ wkdqnv wr wkh lqgh{ ri suhihuhqfh iru erqgv ghyhorshg lq wklv sdshu/
zh fdq dovr sursrvh d srvvleoh vroxwlrq iru wkh htxlw| suhplxp sx}}oh1 D vlpsoh
duelwudjh dujxphqw vkrzv wkdw wkh qdqfldo krul}rq jlylqj wkh pd{lpxp ydoxh
iru wkh erqg suhihuhqfh lqgh{ vkrxog rvfloodwh durxqg lqyhvwruv* dfwxdo qdqfldo
krul}rq1 Wklv doorzv xv wr dujxh wkdw diwhu hdfk vkliw lq pdunhw sdudphwhuv/
lqyhvwruv duh zloolqj wr vhoo wkhlu erqgv1 Wklv ehkdylrxu frqwulexwhv wr pdlqwdlq
d kljk glhuhqfh ehwzhhq uhwxuqv rq vwrfnv dqg erqgv1
55D D qxphulfdo h{dpsoh
Lq wklv dsshqgl{ zh frqvlghu d qxphulfdo h{dpsoh iru lqyhvwphqw sureohp +44,1
Lq rughu wr dyrlg lqfrqvlvwhqflhv/ zh frqvlghu wkh |hdu dv wkh wlph phdvxuh xqlw1
Iru wkh vwrfn vxevhw zh wdnh irxu vwrfnv zkrvh ydoxhv fdq eh uhsuhvhqwhg/ iru
hljkw shulrgv/ lq wkh sd|0r pdwul{ \ +\wl @ sd|0r ri vwrfn l lq shulrg w,w r
zklfk fruuhvsrqgv wkh uhwxuq pdwul{ U frqwdlqlqj wkh shufhqwdjh fkdqjhv lq
wkh hohphqwv ri \ +dqg pruh suhflvho|= Uwl @ \w.4>l@\wl  4,=
\ @
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Li zh frqvlghu wkh uvw shulrg dv shulrg }hur/ wkhq zh fdq vhh wkdw lq shulrg
6 wkhuh lv d qdqfldo fulvlv gxulqj zklfk wkh sulfh jurzwk lv eurnhq1 Lqvwhdg/ lq
shulrg 8 wkh sulfh ri vwrfn 7 lqfuhdvhv zkloh wkh rwkhu sulfhv gr qrw lqfuhdvh +lq
wklv fdvh vwrfn 7 lv yhu| dsshdolqj,1 Wkh yhfwru  lq sureohp +44, frqwdlqv wkh
phdq ydoxh ri hdfk froxpq ri pdwul{ U dqg wkh pdwul{ 	 lv wkh yduldqfh dqg













5=<499 4=8;69 4=;77: 4=8854
4=8;69 4=8595 4=4:;6 4=4:8;
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Iru wkh uvw vxevhw ri lqyhvwru*v sruwirolr zh vwloo odfn vwrfn sulfhv1 Vlqfh wkh
plqlpl}dwlrq sureohp iru vwrfnv lv edvhg rq sdvw ydoxhv/ wkhq zh fdq frqvlghu
wkh odvw urz lq pdwul{ \ dv wkh +wudqvsrvhg, yhfwru ri odvw sulfhv=
s @

46: 469 463 46;
3 =
Qrz/ iru erqg sruwirolr zh fdq frqvlghu wkh iroorzlqj +vsrw, lqwhuhvw udwh
vwuxfwxuh= u+3>w,@3 =36 . 3=334w/ dqg zh fdq ghqh d fdvk  rz pdwul{ +F,l q
56zklfk hdfk hohphqw Flw uhsuhvhqwv wkh frxsrq sdlg rq erqg l dw wlph w1I r u
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Flw ^4 . u+3>w,`
￿w
>
zh fdq frpsxwh erqg ydoxhv dqg gxudwlrqv=
Y @
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Flw ^4 . l`
￿w =
Iru wkh wzr }hur frxsrq erqgv uhwxuqv frlqflgh zlwk wkh lqwhuhvw udwhv





6=86 =;6 =:7: 6=8984
3 =
Zh vxssrvh wkdw wkh pdunhw lv h!flhqw dqg vr= t @ Y d q gl qr u g h uw r
frpsohwh wkh erqg sdudphwhuv ohw @ t +@ Y ,1 Zh vxssrvh wkdw wkh ulvnohvv
lqwhuhvw udwh lv u @3 =351 Wkxv/ lq wklv iudphzrun= l A m Au ;l>m 5 ^4>7`1
Qrz/ zh kdyh doo wkh hohphqwv lq rughu wr frpsxwh wkh vroxwlrq iru sureohp
57+44,1 Wklv vroxwlrq lv jlyhq e|=
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493=9<  7<=9<5K .6 =<;44K543￿8=
Judsklfdoo|/ iru wkh erqg vxevhw ri rswlpdo sruwirolr zh fdq vhh/ iurp jxuh
6/ wkdw=
0 wkhuh h{lvwv d fulwlfdo ydoxh ri K +vd| K￿,> zkhq K 9@ K￿ erqg sruwirolr
udslgo| idoov wr }hur dqg hyhq zkhq K @ K￿ wkh erqg zhljkw lv yhu| orz>
0 wkh zhljkw ri erqg sruwirolr lv dq lqfuhdvlqj ixqfwlrq ri wkh h{shfwhg uhwxuq
rq wkh zkroh sruwirolr +p,1














Iru wkh vwrfn vxevhw ri wkh rswlpdo sruwirolr wkh uhvxow lv vxppdul}hg e|
Iljxuh 7 zkhuh zh fdq vhh wkdw lwv zhljkw grhv qrw khdylo| ghshqg rq wkh wlph
krul}rq K1
Zh fdq vhh iurp Iljxuh 8 +zkhuh p @3 =37,w k d ws3{￿ ghshqgv rq K dffrug0
lqj wr d uhodwlrq wkdw lv wkh lqyhuvh ri wkrvh ghvfulelqj wkh ehkdylrxu ri t3|￿1















0.2 0.4 0.6 0.8 1 m
Qhyhuwkhohvv/ K dhfwv s3{￿ lq d qhjoljleoh zd| +dv zh fdq revhuyh iurp wkh
ruglqdwh ydoxhv,1
Ilqdoo|/ lq Iljxuh 9/ zh fdq vhh wkh ehkdylrxu ri lqgh{ SE +suhihuhqfh iru
erqgv,1 Khuh zh frqup wkh ehkdylrxu ghvfulehg lq Iljxuh 41 Lq sduwlfxodu/
wkhuh h{lvwv +gxh wr wkh ehkdylrxu ri erqg sruwirolr, d fulwlfdo ydoxh ri wlph
krul}rq +K￿, iru zklfk wkh wrwdo dprxqw ri zhdowk lqyhvwhg lq erqgv lv pd{lpxp
+dqg lq wklv h{dpsoh zhdowk lqyhvwhg lq erqgv pxvw qrw h{fhhg 46=:<(47 ri
zhdowk lqyhvwhg lq vwrfnv dqg erqgv,1
47Li zh fdoo ‘￿ dqg ‘￿ wkh zhdowk lqyhvwhg uhvshfwlyho| lq vwrfnv dqg erqgv/ wkhq ￿￿ ’
‘￿*‘￿ dqg vr/ iru d jlyhq ydoxh ri ￿￿ +￿￿, wkh udwlr ehwzhhq wkh zhdowk lqyhvwhg lq vwrfnv
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5:Uhihuhqfhv
^4` Edjoldqr/ I1 F1/ dqg D1 Ehowudwwl +4<<:,/ Vwrfn Uhwxuqv/ wkh Lqwhuhvw Udwh
dqg Lq dwlrq lq wkh Lwdoldq Vwrfn Pdunhw= d Orqj0Uxq Shuvshfwlyh/ Zrun0
lqj Sdshu/ Fhqwur gl Hfrqrpld Prqhwduld h Ilqdq}lduld Sdror Ed!/ Xql0
y h u v l w ãE r f f r q l /Q 14 4 8 /M x o | 1
^5` Eduehu/ M1 U1/ dqg P1 O1 Frsshu +4<<:,/ Lv Erqg Frqyh{lw| d Iuhh OxqfkB
0 Lppxql}dwlrq grhv qrw lpso| ulvn0iuhh duelwudjh surwv/ Wkh Mrxuqdo ri
Sruwirolr Pdqdjhphqw/ 57/ 446044<1
^ 6 `E d u e h u /M 1U 1 /d q gP 1O 1F r s s h u+ 4 < < ; , / Dp l q l p d {u l v nv w u d w h j |i r u
sruwirolr lppxql}dwlrq/ Lqvxudqfh Pdwkhpdwlfv dqg Hfrqrplfv/ 56/ 4:60
4::1
^7` Elhuzdj/ J1 R1/ J1 J1 Ndxipdq/ dqg D1 Wrhyv +4<;6,/ Lppxql}dwlrq
Vwudwhjlhv iru Ixqglqj Pxowlsoh Oldelolwlhv/ Mrxuqdo ri Ilqdqfldo dqg
Txdqwlwdwlyh Dqdo|vlv/ 4;/ 44604561
^8` Emùun/ W1 +4<<;,/ Duelwudjh Wkhru| lq Frqwlqxrxv Wlph/R { i r u gX q l y h u v l w |
Suhvv/ R{irug1
^9` Erufk/ N1 +4<9<,/ D Qrwh rq Xqfhuwdlqw| dqg Lqglhuhqfh Fxuyhv/ Uhylhz
ri Hfrqrplf Vwxglhv/6 9 /M d q x d u | 1
^ : `E u r z q /V 1M 1 /Z 1Q 1J r h w } p d q qd q gV 1D 1U r v v+ 4 < < 8 , / V x u y l y d o  /Wkh
Mrxuqdo ri Ilqdqfh/ 83/ ;860;:61
^;` Fdpsehoo/ M1 \1 +5333,/ Dvvhw Sulflqj dw wkh Ploohqqlxp/ Wkh Mrxuqdo
ri Ilqdqfh/ 88/ 48480489:1
^ < `F d p s e h o o /M 1\ 1 /d q gO 1P 1Y l f h l u d+ 4 < < ; , / Z k rV k r x o gE x |O r q j 0 W h u p
ErqgvB/ Sdshu suhvhqwhg iru wkh Hxurshdq Vxpphu V|psrvlxp lq Ilqdq0
fldo Pdunhwv/ Jhu}hqvhh/ 46267 Mxo|1
^43` Fdqqhu/ Q1/ Q1 J1 Pdqnlz/ dqg G1 Q1 Zhlo +4<<:,/ Dq Dvvhw Doorfdwlrq
Sx}}oh/ Wkh Dphulfdq Hfrqrplf Uhylhz/ ;:/ 4;404<41
^44` Fhffkhwwl/ V1 J1/ S1 Odp/ dqg Q1 F1 Pdun +4<<6,/ Wkh htxlw| suhplxp
dqg wkh ulvn0iuhh udwh 0 Pdwfklqj wkh prphqwv/ Mrxuqdo ri Prqhwdu| Hfr0
qrplfv/ 64/ 540781
^45` Fkdpehuodlq/ J1 +4<;6,/ D Fkdudfwhul}dwlrq ri wkh Glvwulexwlrqv wkdw Lp0
so| Phdq0Yduldqfh Xwlolw| Ixqfwlrqv/ Mrxuqdo ri Hfrqrplf Wkhru|/5 < /
4;805341
^ 4 6 `F r { /M 1F 1 /M 1H 1L q j h u v r o o /d q gV 1D 1U r v v+ 4 < : < , / G x u d w l r qd q gw k h
Phdvxuhphqw ri Edvlv Ulvn/ Mrxuqdo ri Exvlqhvv/ 85/ 840941
^47` gh Ilqhwwl/ E1 +4<85,/ Vxood suhihulelolwã/ Jlruqdoh ghjol Hfrqrplvwl h
Dqqdol gl Hfrqrpld/ 44/ 9;80:3<1
5;^48` Gx!h/ G1 +4<<9,/ G|qdplf Dvvhw Sulflqj Wkhru|/ Sulqfhwrq Xqlyhuvlw|
Suhvv/ Sulqfhswrq/ Qhz Mhuvh|/ vhfrqg hglwlrq1
^49` Hsvwhlq/ O1 J1/ dqg V1 H1 ]lq +4<;<,/ Vxevwlwxwlrq/ Ulvn Dyhuvlrq/ dqg
wkh Whpsrudo Ehkdylru ri Frqvxpswlrq dqg Dvvhw Uhwxuqv= D Wkhruhwlfdo
Iudphzrun/ Hfrqrphwulfd/ 8:/ <6:0<9<1
^4:` Hsvwhlq/ O1 J1/ dqg V1 H1 ]lq +4<<3,/ *Iluvw0rughu* ulvn dyhuvlrq dqg wkh
htxlw| suhplxp sx}}oh/ Mrxuqdo ri Prqhwdu| Hfrqrplfv/ 59/ 6;:073:1
^4;` Hsvwhlq/ O1 J1/ dqg V1 H1 ]lq +4<<4,/ Vxevwlwxwlrq/ Ulvn Dyhuvlrq/ dqg
wkh Whpsrudo Ehkdylru ri Frqvxpswlrq dqg Dvvhw Uhwxuqv= Dq Hpslulfdo
Dqdo|vlv/ Mrxuqdo ri Srolwlfdo Hfrqrp|/ <</ 59605;91
^4<` Ihogvwhlq/ P1 V1 +4<9<,/ Phdq0Yduldqfh Dqdo|vlv lq wkh Wkhru| ri Oltxlg0
lw| Suhihuhqfh dqg Sruwirolr Vhohfwlrq/ Uhylhz ri Hfrqrplf Vwxglhv/6 8 /
Mdqxdu|1
^53` Ilvkhu/ O1/ dqg U1 O1 Zhlo +4<:4,/ Frslqj zlwk wkh ulvn ri lqwhuhvw0udwh
 xfwxdwlrqv= uhwxuqv wr erqgkroghuv iurp qdlyh dqg rswlpdo vwudwhjlhv/
Mrxuqdo ri Exvlqhvv/ 77/ 73;07641
^54` Irqj/ K1 J1/ dqg R1 D1 Ydvlfhn +4<;7,/ D Ulvn Plqlpl}lqj Vwudwhj| iru
Sruwirolr Lppxql}dwlrq/ Wkh Mrxuqdo ri Ilqdqfh/ 6</ 4874048791
^55` Klqg|/ D1/ dqg F1 Kxdqj +4<<6,/ Rswlpdo frqvxpswlrq dqg sruwirolr uxohv
zlwk gxudelolw| dqg orfdo vxevwlwxwlrq/ Hfrqrphwulfd/ Yro1 94/ Q1 4/ ss1
;804541
^56` Nrqqr/ K1/ dqg N1 Nred|dvkl +4<<:,/ Dq lqwhjudwhg vwrfn0erqg sruwir0
olr rswlpl}dwlrq prgho/ Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro/5 4 /
475:047771
^57` Nuroo/ \1/ K1 Ohy|/ dqg D1 Udsrsruw +4<;;,/ H{shulphqwdo Whvwv ri wkh
Vhsdudwlrq Wkhruhp dqg wkh Fdslwdo Dvvhw Sulflqj Prgho/ Wkh Dphulfdq
Hfrqrplf Uhylhz/ :;/ 833084<1
^58` Nuroo/ \1/ dqg K1 Ohy| +4<<5,/ Ixuwkhu Whvwv ri wkh Vhsdudwlrq Wkhruhp
dqg wkh Fdslwdo Dvvhw Sulflqj Prgho/ Wkh Dphulfdq Hfrqrplf Uhylhz/
;5/ 99709:31
^59` Lqjhuvroo/ M1 H1/ MU1 +4<<5,/ Rswlpdo frqvxpswlrq dqg sruwirolr uxohv zlwk
lqwhuwhpsrudoo| ghshqghqw xwlolw| ri frqvxpswlrq/ Mrxuqdo ri Hfrqrplf
G|qdplfv dqg Frqwuro/ 9/ 9;40:451
^5:` Olqwqhu/ M1 +4<98,/ Vhfxulw| Sulfhv/ Ulvn/ dqg Pd{lpdo Jdlqv iurp Glyhu0
vlfdwlrq/ Mrxuqdo ri Ilqdqfh/ 53/ 8;:09481
^5;` Pdunrzlw}/ K1 P1 +4<85,/ Sruwirolr Vhohfwlrq/ Mrxuqdo ri Ilqdqfh/: /: : 0
<41
5<^5<` Phkud/ U1/ dqg H1 F1 Suhvfrww +4<;8,/ Wkh htxlw| suhplxp 0 D sx}}oh/
Mrxuqdo ri Prqhwdu| Hfrqrplfv/ 48/ 47804941
^63` Phkud/ U1/ dqg H1 F1 Suhvfrww +4<;;,/ Wkh htxlw| ulvn suhplxp= d vrox0
wlrqB/ Mrxuqdo ri Prqhwdu| Hfrqrplfv/ 55/ 46604691
^64` Phuwrq/ U1 F1 +4<9<,/ Olihwlph Sruwirolr Vhohfwlrq xqghu Xqfhuwdlqw|= wkh
Frqwlqxrxv0Wlph Fdvh/ Uhylhz ri Hfrqrplfv dqg Vwdwlvwlfv/ 84/ 57:058:1
^65` Phuwrq/ U1 F1 +4<:4,/ Rswlpxp Frqvxpswlrq dqg Sruwirolr Uxohv lq d
Frqwlqxrxv0Wlph Prgho/ Mrxuqdo ri Hfrqrplf Wkhru|/ 6/ 6:607461
^66` Phuwrq/ U1 F1 +4<<3,/ Frqwlqxrxv0Wlph Ilqdqfh/ Eodfnzhoo/ Fdpeulgjh/
PD1
^67` Prulfrql/ I1 +4<<7,/ Pdwhpdwlfd Ilqdq}lduld/ Lo Pxolqr/ Erorjqd1
^68` Prvvlq/ M1 +4<99,/ Htxloleulxp lq d Fdslwdo Dvvhw Pdunhw/ Hfrqrphwulfd/
67/ :9;0:;61
^69` Ûnvhqgdo/ E1 +5333,/ Vwrfkdvwlf Glhuhqwldo Htxdwlrqv/ Dq Lqwurgxfwlrq
zlwk Dssolfdwlrqv/ Vsulqjhu/ Ehuolq/ iwk hglwlrq1
^6:` Srqfhw/ S1/ dqg U1 Sruwdlw +4<<6,/ Lqyhvwphqw dqg khgjlqj xqghu d
vwrfkdvwlf |lhog fxuyh/ Hxurshdq Hfrqrplf Uhylhz/ 6:/ 445:0447:1
^6;` Uhglqjwrq/ I1 P1 +4<85,/ Uhylhz ri wkh Sulqflsoh ri Olih R!fh Ydoxd0
wlrqv/ Mrxuqdo ri wkh Lqvwlwxwh ri Dfwxdulhv/ 4;/ 5;906731
^6<` Ulhw}/ W1 D1 +4<;;,/ Wkh Htxlw| Ulvn Suhplxp 0 D Vroxwlrq/ Mrxuqdo ri
Prqhwdu| Hfrqrplfv/ 55/ 44:04641
^73` Vkdush/ Z1 I1 +4<97,/ Fdslwdo Dvvhw Sulfhv= D Wkhru| ri Pdunhw Htxlole0
ulxp Xqghu Frqglwlrqv ri Ulvn/ Mrxuqdo ri Ilqdqfh/ 4</175807751
^74` Zhlo/ Sk1 +4<;<,/ Wkh Htxlw| Suhplxp Sx}}oh dqg wkh Ulvn0Iuhh Udwh
Sx}}oh/ Mrxuqdo ri Prqhwdu| Hfrqrplfv/ 57/ 73407541
^75` ]hqlrv/ V1 D1/ P1 U1 Krophu/ U1 PfNhqgdoo/ dqg F1 Ydvvldgrx0]hqlrx
+4<<;,/ G|qdplfv prghov iru {hg0lqfrph sruwirolr pdqdjhphqw xqghu
xqfhuwdlqw|/ Mrxuqdo ri Hfrqrplfv G|qdplfv dqg Frqwuro/ 55/ 484:048741
63